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Abstract 

Wilson loops in gauge theories pose a fundamental challenge for dualities. Wilson loops 
are labeled by a representation of the gauge group and should map under duality to 
loop operators labeled by the same data, yet generically, dual theories have completely 
different gauge groups. In this paper we resolve this conundrum for three dimensional 
mirror symmetry. We show that Wilson loops are exchanged under mirror symmetry 
with Vortex loop operators, whose microscopic dehnition in terms of a supersymmetric 
quantum mechanics coupled to the theory encode in a non-trivial way a representation of 
the original gauge group, despite that the gauge groups of mirror theories can be radically 
different. Our predictions for the mirror map, which we derive guided by branes in string 
theory, are conhrmed by the computation of the exact expectation value of Wilson and 
Vortex loop operators on the three-sphere. 
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1 Introduction 


Wilson loop operators [1] play a central role in our understanding of gauge theories. A Wilson loop 
is specified by a curve 7 in spacetime and by the choice of a representation IZ of the gauge group G 

Wnil) = Tr^Pexp / iA^^dx^ . 

J'-f 

In a certain sense, they are the most fundamental observables in gauge theories. 

Wilson loops raise an immediate challenge to any conjectured duality, be it a held theory duality 
or a gauge/gravity duality: what is the dual description of Wilson loops? Even the more qualitative 
question of how the choice of a representation 71 of the gauge group G labeling a Wilson is encoded 
in the dual theory is challenging, and in general the answer is unknown. Indeed, the gauge groups 
of theories participating in a held theory duality can be drastically diherent, and in gauge/gravity 
dualities there is not even a Lie group G in sight in the dual bulk theory. 

One may even argue that the existence of Wilson loops actually introduces a puzzle for dualities. 
While global symmetries and’t Hooft anomalies between dual theories must match, gauge symmetries 
between dual theories need not. In a sharp sense, gauge symmetries are not symmetries, but rather 
redundancies in our local description of particles of helicity one. Nevertheless, the gauge group G is 
not void of important physical information about the theory: Wilson loop operators are labeled by 
a representation 71 of G. And therefore, it is in this vain, that the gauge group is “physical” and its 
elusive representations must be found in the dual. 

In this paper we identify the dual description of half-supersymmetric Wilson loop operators in 
gauge theories related by three dimensional mirror symmetry [2], an infrared (IR) duality whereby 
two different ultraviolet (UV) 3d A/" = 4 gauge theories flow in the IR to the same superconformal 
field theory (SOFT): 

UV Theory A Theory B 

IR SCFT 

We hnd that there is a rather intricate “mirror map” relating Wilson loop operators in one theory 
to Vortex loop operators in the mirror: 

Theory A Theory B 

W W 

V^^ ^^V 

The mirror map in non-abelian gauge theories is rather subtle. In abelian gauge theories it follows 
from the mapping of the abelian global symmetries of the mirror dual theories [3-5].^ We determine 

^Vortex loop operators were previously studied in [6]. For Vortex loops in pure Chern-Simons theory see [7]. 
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the mapping of loop operators under mirror symmetry for arbitrary 3d TV = 4 gauge theories encoded 
by a quiver diagram of linear or circular topology (see hgure 1). 



Figure 1: General linear and circular quiver diagrams. 

We propose an explicit UV dehnition of the Vortex loop operators exchanged with Wilson loops under 
mirror symmetry. These Vortex loop operators are constructed by coupling Id A/" = 4 supersymmetric 
quantum mechanics (SQM) quiver gauge theories supported on the loop to the bulk 3d A/” = 4 theory. 
The class of Id A/" = 4 gauge theories that enter in the description of the mirror map of Wilson loop 
operators is encoded by the quiver diagram of hgure 



Figure 2: Dotted arrows rehect the possibility of adding an adjoint chiral multiplet in a gauge node. 

Despite that the mirror dual 3d A/" = 4 gauge theories - denoted by Theory A and Theory B - 
typically have completely different gauge groups Ga and Gs, we are able to encode the choice of 
representation 7^ of a Wilson loop in one theory in the precise choice of the Id quiver gauge theory in 
hgure 2 describing the mirror dual Vortex loop operator. The Id quivers in this class are characterized 
by the ranks of their gauge nodes, the number of fundamental and anti-fundamental chirals in the 
last node and the presence or not of an adjoint chiral in each node. In particular, to a quiver gauge 
theory with all Fayet-Iliopoulos (FI) parameters rji 0, for i = 1,... ,p, we associate a Wilson loop 
representation as follows:^ 


• 71 = Sni ® Sn 2 -ni ® • • • <8) Sup-Up^i'- for a quiver with one adjoint chiral in each gauge node, 

^Arrows encode bifundamental chiral multiplets of two gauge nodes (circles) or of a gauge and a flavor node (square). 
For the details of superpotential couplings see section 2.2. 

^See sections 3.1 and 5.3.2 for the general dictionary. 
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• 71 = Ani ® An 2 -ni 0 ... 0 Anp-np-i'- for a quivei with one adjoint chiral for U{ni) for i = 
1 ,... ,p — 1 , but no adjoint chiral in the U{np) node, 

where Ak and Sk denote the /c-th antisymmetric and symmetric representations of U{N)l, if r]p < 0, or 
U{N)]i, if rjp > 0. A generic product of symmetric and antisymmetric representations like 71 = 0 

An 2 -ni 0 An 3 -n 2 0 ... 0 Sup-Up^i IS obtained by removing an adjoint chiral multiplet in some nodes. 
We propose, but have less quantitative evidence for, that an arbitrary irreducible representation 71 
characterized by a Young diagram can be obtained from the family of quivers in hgure 2 by setting 
all but one of the FI parameters to zero - that is 7 ^ 0 ~ , i.e. rji = r ]2 = ■ ■ ■ rip_i = 0."^ 

A Vortex loop associated to a given gauge group factor with N fundamental hypermultiplets in 
the 3d A/" = 4 gauge theory is labeled by a representation 71 of the gauge group as well as by a 
splitting of N into two factors: N = M + {N — M). A Vortex loop labeled by a representation 7Z and 
by the integer M is constructed by gauging flavour symmetries of the Id W = 4 quiver gauge theory 
with the bulk 3d A/" = 4 theory. The explicit 3d/ld theory obtained in this way can be encoded by 
a mixed 3d/ld quiver diagram, see e.g hgure 3. 



Figure 3: 3d/ld quiver realizing a Vortex loop in the T[SU{N)] theory. 


The mirror map between loop operators that we uncover is rather intricate and rich. In particular, 
the map depends strongly on the choice of integer M labeling a Vortex loop. As an illustrative 
example, the Vortex loop operator Vm,'r. in T[S'f/(Y)] dehned by the 3d/ld quiver in hgure 3 maps 
under mirror symmetry to the following combination of Wilson loop operators in T[S'[/(V)] (this 
theory is self-mirror)® 




mirror 

^ 



0 < M < Y- 1, 


( 1 . 1 ) 


^The same quiver but for 2d W = (2, 2) gauge theories was shown to be labeled by an irreducible representation TZ 
in [8], where they describe M2-brane surface defects, which are indeed labeled by a representation TZ. 

Ws we shall see in section 4.3 the Vortex loop operator maps to a Wilson loop for the U{N — 1) C U{N) 
flavour symmetry of T[S'{7(iV)]. 
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where is a Wilson loop in a representation TZg of U{M), hhjvq^ abelian flavour Wilson 

loop of charge and Am is the set of representations that appear in the decomposition of 7^ = 
©seAM(^s 5 '^s) under the embedding f/(l) x U{M) C f/(iV — 1).® With the algorithm we put forward 
in this paper, the mirror map between loop operators in arbitrary linear and circular quivers can be 
constructed, and we provide explicit representative examples for both types of quivers. 

The key insight that allows us to construct the explicit mirror map between loop operators in 
linear and circular quivers is the identihcation of the brane realization of Wilson and Vortex loop 
operators in the Type IIB Hanany-Witten construction of 3d A/" = 4 gauge theories [9].^ In the 
string theory construction, mirror symmetry is realized as S-duality in Type IIB string theory [9]. 
By understanding the detailed physics of branes in string theory, the action of S-duality on our brane 
realization of loop operators allows us to hud an explicit map between brane conhgurations, which 
in turn yields the mirror map between Wilson and Vortex loop operators. 

We provide quantitative evidence for our mirror maps by computing the exact expectation value 
of circular Wilson and Vortex loop operators in A/” = 4 gauge theories on The computation 
of the expectation value of Vortex loops combines in a rather interesting way the computations of 
the partition function in [17] with the supersymmetric quantum mechanics index of [18,19]. The 
detailed matrix integral capturing the expectation value is obtained by understanding how to couple 
the Id A/" = 4 gauge theory dehning the Vortex loop on an C to the bulk gauge theory. All 
our computations conhrm our brane-based predictions. 

Our understanding of the action of duality on Wilson loops in the context of three dimensional 
mirror symmetry give us ideas and renewed conhdence that this problem can also be tackled in other 
interesting dualities, like four dimensional Seiberg duality [20], where the gauge groups of the two 
dual theories are also different, and subject to the puzzles raised at the beginning.® 

The plan of the rest of the paper is as follows. In section ^ we study the classes of loop operators 
that can be dehned in a 3d A/" = 4 SOFT as well as a UV gauge theory dehnition of the SOFT. This 
analysis leads to consider Wilson and Vortex loop operators. In section 3, after reviewing the brane 
construction of 3d A/" = 4 gauge theories we put forward a brane realization of Wilson and Vortex loop 
operators. We give at least two different UV descriptions for each Vortex loop operator, distinguished 
in particular by the gauging of the global symmetries of the Id quiver gauge theory with bulk 3d 
helds. The explicit 3d/ld theories obtained this way can be encoded by mixed 3d/ld quiver diagrams 
as in hgure 4. We then develop a brane-algorithm that allows us to use the action of S-duality on 
brane conhgurations to construct the mirror map for loop operators between dual gauge theories. This 
algorithm can be applied to an arbitrary 3d A/" = 4 gauge theory labeled by a linear or circular quiver. 

^U{M) is embedded as U{M) x U{N — M — 1) C U{N — 1), and the t/(l) is the diagonal factor in U{N — M —1). 

^Our brane realization of loop operators in 3d W = 4 theories generalizes the brane realization of the defect field 
theory description of Wilson loop operators in 4d W = 4 super-Yang-Mills of [10,11]. This brane construction was 
used in [10,11] to provide the bulk holographic description of Wilson loops in an arbitrary representation of SU{N), 
following the dictionary put forward in [12,13] for the fundamental representation. 

®The mapping of the partition functions themselves between mirror dual theories was initiated in [14,15] and 
proven in general for linear and circular unitary quiver theories in [16]. 

®Of course, in 4d W = 1 only null Wilson lines are supersymmetric. 
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Figure 4: 3d/Id quiver theories realizing the same Vortex loop. 

Section ^ presents the detailed mirror map for representative classes of gauge theories, including 
T[SU{N)], circular quivers with equal ranks on all nodes and supersymmetric QCD (SQCD). In 
section 5 we consider loop operators on and write down a matrix model representation of the 
exact expectation value of a Vortex loop operator in terms of the supersymmetric index of the SQM 
that dehnes it and the matrix model for the 3d theory. We perform explicit computations of the 
expectation value of Wilson and Vortex loop operators and conhrm our brane-based predictions for 
the mirror map.^*^ We also show that the distinct UV dehnitions of a given Vortex loop operator (see 
hgure 4) give rise to the same operator in the IR, by showing that the expectation value of the two 
UV dehnitions coincide, and are related by hopping duality [21]. Some technical details are relegated 
to the appendices. 

2 Loop Operators in 3d A/^ = 4 Theories 

An A/” = 4 SOFT is invariant under the 3d A/" = 4 super conformal symmetry 05^(414). The bosonic 
generators comprise those in the 50(3,2) ~ Sp{4) conformal algebra and those that generate the 
SU{2)c X SU{2)h R-symmetry of the SOFT. The supercharges in OSp{4\4) transform in the (4, 2, 2) 
representation of 50(3, 2) x SU (2)c x SU {2)h- A UV Lagrangian dehnition of the IR SOFT preserves 
3d AT = 4 Poincare supersymmetry, the subgroup of 05p(4|4) that closes into the isometries of hat 
space.Mirror symmetry is the statement that a pair of UV gauge theories how in the IR to the 
same SOFT with the roles of SU{2)c and SU{2)h exchanged: 


UV Theory A 


Theory B 


IR 


SOFT 


[3,4] (V) was computed using a disorder definition of V for abelian theories, which we reproduce from our SQM 
perspective and which we extend to arbitrary non-abelian gauge theories. 

^^The 3d W = 4 Poincare supersymmetry algebra is the fixed locus of an involution of 05^(414). 
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An A/" = 4 SOFT admits half-supersymmetric line operators/defects supported on a straight 
line in flat spaced^ There are two physically inequivalent classes of superconformal line defects 
in an AT = 4 SOFT, distinguished by their preserved symmetries. Superconformal line defects 
supported on a time-like line are invariant either under an f/(l,l|2)m or f/(l,l|2)y subalgebra 
of OS'p(4|4).^^ Let us exhibit this more explicitly.First, a straight time-like line in flat space 
preserves 517(1,1) x 17(l)j_ C 50(3,2). The U{l,l\2)w subalgebra is embedded as follows. Under 
the embedding of 5f/(l, 1) x517 (2) h xU (1) ±xU {l)c in 50(3, 2)xSU {2 )cxSU{2)h, the supercharges 

generating 05p(4|4) decompose as (2, 2)++ © (2, 2)+_ © (2, 2)_+ © (2, 2) _The supercharges in 

U (1, l\2)w are (2, 2)++ © (2, 2)_For U (1,112)^ the analysis is identical with the roles of SU{2)c 

and SU{2)h exchanged. A defect preserving 0(1, l\2)w is invariant under U{l)c x SU{2 )h while a 
defect preserving 0(1, l|2)y is invariant under SU{2)c x U{1 )h- The main goal of this paper is to 
give the UV description of these two classes of line operators/defects and to identity how the UV 
descriptions are mapped under mirror symmetry. 

A line defect in a UV Lagrangian description of a SOFT can be made invariant under four of the 
supercharges in the 3d A/" = 4 Poincare supersymmetry algebra of the UV theory. The 3d A/" = 4 
Poincare supercharges transform in the (2,2) representation of the SU{2)c x SU{2 )h R-symmetry 
of the UV theory and obey 

{QaAA', QjiBB’} = P^^AB^A'B’ ■ (2.1) 

We take the 50(2,1) 7 -matrices ( 70 , 71 , 72 ) = (^t's, U,'r 2 ), where are the Pauli matrices. The 
charge conjugation matrix is O = r 2 . In Lorentzian signature and in this basis the reality condition 
on the supercharges is = (©)/ Q^bb'- 

There are two inequivalent Id A/" = 4 supersymmetric quantum mechanics (SQM) subalgebras 
of the 3d AT = 4 Poincare superalgebra of a UV theory that can be preserved by a line defect. We 
denote them by SQM^y and SQMy. SQM^y preserves U{l)c x SU{2 )h and the supercharges Qua' 
and Q 22 B', which anticommute to the generator of translations H along the defect 

{QnA',Q 22 B'} = ^A'B'H . (2.2) 

SQMy preserves SU{2)v x U{1 )h and the preserved supercharges Qiai and Q 2 B 2 obey 

{QlAl, Q 2 B 2 } = eABH. (2.3) 

A Id A/^ = 4 SQM supersymmetry algebra can be brought to the canonical form 


{Q+Q+} = H 

["'+■<2+1 

— —Q+ 

[■h,Q+] 

= Q+ 


{Q.,Q_} = H 

[r-<2-] 

= -Q- 


= Q- 

(2.4) 


Operators supported on curves obtained by acting on a straight line by broken conformal generators are also 
half-supersymmetric and preserve an isomorphic symmetry algebra. Under a broken conformal symmetry a time-like 
line becomes a rectangular time-like hyperbola, a space-like line becomes a space-like hyperbola (which includes a 
circle) and a null line remains a null line. 

l|2)w and t/(l, l|2)y are the fixed locus of an involution of OSp{4\A) 
very similar analysis holds for a space-like line defect. For a null line defect, which we do not consider in this 
paper, the preserved symmetries are larger. 

^®The other choice (2,2)+_0(2,2)_+ corresponds to the same line defect but with opposite orientation. 


7 



with all other (anti)-commutators vanishing. For both SQM^y and SQMy algebras Q+ = Qm and 
Q+ = Q222 = QIu- Foi' SQMw Q- = Q112, Q- = -Q221 = Q\i2 while for SQMy Q_ = Q212, 
Q_ = —Q121 = QIw The embedding of the SQMyy and SQMy algebras in the 3d A/" = 4 Poincare 
superalgebra has a U{1) commutant: Rc — J12 for SQMy/ and Rh — J12 for SQMy, where Ju is 
the U{1)± rotation generator transverse to the defect and Rc and Rh are the Cartan generators 
of SU{2)c and SU{2)h respectively.^® Therefore, up to shifts by the “flavour” symmetry Rc — J12 
for SQMpy and by Rh — J12 for SQMy the Cartan R-symmetry generators can be taken to be 
Jy = —Rc — Rh and J— = Rh — Rc- 

In summary, in a 3d A/” = 4 gauge theory there are two classes of line defects that can dehned, 
one preserving SQMy/ and the other SQMy. These line defects flow in the IR to superconformal line 
defects preserving [/(I, l\2)y/ and f/(l, 112)^ respectively. Our analysis can be succinctly summarized 
by the following diagram: 


UV 3d A/" = 4 Poincare-> SQMy/ and SQMy 


RG 


RG 


RG 


IR OSp{A\A) > f/(l, 1|2 )h. and f/(l, l|2)y 


Both classes of UV supersymmetric line defects in a UV 3d A/” = 4 theory can be realized by 
coupling different Id A/" = 4 SQM theories with four supercharges to the bulk 3d A/" = 4 theory. 
A canonical way of coupling a Id A/" = 4 SQM theory to a 3d A/" = 4 theory is by gauging flavour 
symmetries of the SQM theory with 3d A/" = 4 vector multiplets. The gauging of the defect flavour 
symmetries with bulk vector multiplets is made supersymmetric by embedding the defect vector 
multiplet of the supersymmetry algebra preserved by the defect into the bulk 3d A/" = 4 vector 
multiplet at the position of the line defect. The embedding is found by identifying which combination 
of helds in the higher dimensional vector multiplet transform as the helds of the defect vector multiplet 
under the supersymmetry preserved by the defect. Replacing the defect vector multiplet helds in the 
gauged Id A/" = 4 SQM theory with the proper combination of bulk vector multiplet helds ensures 
that the coupling of Id helds to 3d helds is supersymmetric under the supersymmetry of the defect Id 
N = A SQM theory. Superpotential couplings between defect and bulk matter multiplets may also be 
added when defect matter multiplets can be embedded in bulk hypermultiplets. Such couplings gauge 
defect havour symmetries with bulk havour or gauge symmetries, depending on which symmetries of 
the bulk matter multiplet are global and which are gauged. 

We consider UV line defects invariant under SQM^ and SQM^^ obtained by gauging global 
symmetries of Id A/" = 4 SQM theories obtained by dimensional reduction of 2d A/" = (0,4) and 2d 
N = (2, 2) theories with 3d A/" = 4 vector multiplets: 

• SQMvk: 2d tv = (0,4) ^ Id tv = 4 SQM 

— J 12 and Rh — J 12 is also the commutant of C/(l, l\2)w and ?7(1, l|2)y in OSp{A\4). They appear respectively 
in the anticommutator of the C/(l, l|2)w and [/(I, l|2)y supercharges preserved by the corresponding defect. 








• SQMy: 2 d = ( 2 , 2 ) ^ Id AT = 4 SQM 

Superpotential couplings between defect and bulk fields also play an important role in the construc¬ 
tion of defects. 

2.1 Wilson Loop Operators 

A line defect in a UV 3d A/" = 4 gauge theory invariant under SQMvi/ is the Wilson line operator, 
which is labeled by a representation IZ of the gauge group. It is given by 

Wti = TrT^Pexp ^ i + V—x‘^ uj dr , (2.5) 

where a = <73 is the scalar held in the M = 2 vector multiplet inside the A/" = 4 vector multiplet. 
This operator manifestly breaks the SU{2)c symmetry acting on the three scalars a = (ui, a 2 , < 73 ) in 
the A/" = 4 vector multiplet down to while preserving SU{2)h- If the operator is supported 

on a straight line^, it preserves the Id A/" = 4 SQM subalgebra SQMiy of the 3d A/" = 4 theory and 
its U{l)c X SU{2)h R-symmetry. In the IR a Wilson line operator hows to a conformal line operator 
in the SOFT preserving U{1, l|2)w- 

The supersymmetric Wilson line operator (2.5) can be realized by coupling a Id A/^ = 4 SQM 
theory living on the line with the bulk 3d A/" = 4 gauge theory. This coupling preserves the SQMw 
supersymmetry algebra. The defect Id A/" = 4 SQM that represents a Wilson loop operator is the 
theory of a Id A/" = 4 fermi multiplet, obtained by dimensional reduction of the 2d A/" = (0,4) 
fermi multiplet, which on-shell consists of a complex chiral fermion. The havour symmetry of a Id 
Af = (0,4) fermi multiplet can be gauged preserving supersymmetry with a Id A/" = (0,4) vector 
multiplet. The helds of the Id A/” = (0,4) vector multiplet that couple to the fermi multiplet can be 
embedded in the 3d A/” = 4 vector multiplet as follows^® 

= ^0 (2-6) 

aid = (T. (2.7) 

This embedding makes manifest that the coupling of the fermi multiplet to the bulk A/" = 4 vector 
multiplet preserves U{l)c x SU{2)h R-symmetry and the SQMyi/ algebra.^® 

The Id A/" = 4 SQM fermi multiplet on the defect can be integrated out exactly and it results in the 
insertion of a supersymmetric Wilson loop (2.5) in the bulk 3d A/^ = 4 theory. This representation 

^^The choice of scalar determines an embedding of U{l)c in SU{2)c- 

^®When the scalar couples to the loop with constant charge a circular Wilson loop is not supersymmetric in the UV 
theory. See, however, discussion at the end of this subsection and of circular Wilson loops on in section 5.1. 

^®The Fermi multiplet couples only to a subset of fields in the W = (0,4) vector multiplet, and those do admit an 
embedding into the 3d W = 4 vector multiplet. This observation can be applied to the study of supersymmetric surface 
operators in 4d W = 2, which can preserve either 2d W = (2,2) or W = (0,4) supersymmetry. We can construct a 
surface operator by gauging a W = (0,4) fermi multiplet with a bulk vector multiplet. These surface operators were 
studied in the context of W = 4 SYM in [22]. 

^°The purely Id W = 4 theory of a gauged fermi multiplet is invariant under 5'0(4) R-symmetry. The coupling of 
the fermi multiplet with the bulk through the embedding (2.7) breaks the R-symmetry down to U{l)c x SU{2)h- 
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of a supersymmetric Wilson loop in 4d A/^ = 4 super-Yang-Mills (SYM) as a coupling of a fermi 
multiplet with bulk fields appeared in [ 10 , 11 ], where the defect held theory was derived from brane 
intersections in string theory. Inspired by [10,11], a brane realization of Wilson loop defects in 3d 
A/" = 4 gauge theories will play a prominent role in section 3, where we will use S-duality of Type 
IIB string theory to identify the mirror of Wilson loop operators. 

As an aside, 1/4-supersymmetric Wilson loops supported on an arbitrary curve 7 in can be 
dehned mimicking the construction in [23] of 1/16-supersymmetric Wilson loops in 4d A/" = 4 SYM. 
This requires tuning the coupling of the loop to the three scalars in the vector multiplet. Explicitly, 
1/4-supersymmetric Wilson loops are given by 


TrT^Pexp 


HA 


ia^) x^dr 


( 2 . 8 ) 


and preserve two supercharges: Q% = QaAA'^'^^- These Wilson loop operators are in the cohomology 
of the supercharges Q^, of the Rozansky-Witten twisted theory [24]^^ obtained by twisting spatial 
rotations with SU{2)c- Half-supersymmetric Higgs branch operators are also in the cohomology of 
this twisted theory. 


2.2 Vortex Loop Operators 

A supersymmetric line defect in a UV 3d A/" = 4 theory preserving SQMy can be constructed by 
coupling the bulk theory to a Id A/” = 4 SQM theory with SQMy symmetry. For line defects 
preserving SQMy, the appropriate Id A/" = 4 SQM theories are obtained by dimensionally reducing 
4d V = 1 theories (or equivalently 2d J\f = ( 2 , 2 ) theories). U{1)h is the R-symmetry already present 
in 4d while SU{2)v emerges as an R-symmetry in the dimensional reduction down to Id. Therefore 
the SQMy invariant Id V = 4 SQM theories we consider are supersymmetric gauge theories based 
on the familiar 4d A/^ = 1 vector multiplets and chiral multiplets. The same 4d A/^ = 1 theories 
dimensionally reduced to 2d define surface operators [26] in 4d A/" = 2 gauge theories. 

We can construct a supersymmetric line defect in a 3d V = 4 gauge theory by gauging flavour 
symmetries of a Id A/" = 4 SQMy invariant theory with bulk vector multiplets. The embedding of 
the bosonic fields in the Id vector multiplet ( 03 , cfi^, d), where cfi^ is a triplet of SU{2)v, in the 3d 
V = 4 vector multiplet is (see appendix A) 

= ^0 (2-9) 

aid = ( 2 . 10 ) 

d = D + Fi2. ( 2 . 11 ) 

This embedding makes manifest that SU{2)v is preserved and that SU{2)h is broken down to 17 ( 1 )^, 
as it selects one of the auxiliary helds transforming as a triplet of SU{2)h in the 3d A/" = 4 vector 
multiplet, which we have denoted by The coupled theory preserves the SQMy algebra. 

^^This is the 3d counterpart of the statement in 4d W = 4 SYM that the 1/16-supersymmetric Wilson loop operators 
in [23] are in the cohomology of a supercharge of the Langlands twist [25]. 

^^The choice of auxiliary field determines an embedding of U{1)h in'~5T/(2)ij. 
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We can gauge defect flavour symmetries either with 3d W = 4 fluctuating vector multiplets or 
background vector multiplets. Background vector multiplets for flavour symmetries are associated 
to canonical supersymmetric mass deformations in 3d A/” = 4 and Id A/" = 4 theories.Gauging Id 
flavour symmetries with background 3d vector multiplets means that Id and 3d flavour symmetries 
are identihed. Id A/" = 4 and 3d A/" = 4 flavour symmetries are identihed by SQMy-preserving defect 
cubic superpotential couplings between defect chiral multiplets and bulk hypermultiplets^^ 

W = MQh ( 2 . 12 ) 

where the index J is a Id gauge index. The indices i, a are simultaneously indices for Id flavour 
symmetries and indices for either 3d flavour or gauge symmetries. When a (or i) is a 3d flavour index, 
the superpotential breaks the (otherwise independent) flavour symmetries acting on chiral multiplets 
Qa (or (f) and hypermultiplets Qf to the diagonal flavour symmetry group.The background 3d 
AT = 4 vector multiplet gives the same mass to the Id chiral multiplets and 3d hypermultiplets that 
are acted on by the preserved diagonal flavour symmetry group. 

The Id A/" = 4 gauge theories that appear in the construction of the defects dual to Wilson loops 
can be encoded in a standard quiver diagram shown in hgure 2.^® 

An adjoint chiral multiplet may be added to any U{rii) gauge group factor, an option which we denote 
by a dashed line. Each adjoint chiral multiplet is coupled to the neighbouring bifundamental chiral 
multiplets through a cubic superpotential, while nodes without an adjoint chiral multiplet have an 
associated quartic superpotential coupling the corresponding bifundamental chiral multiplets. 

The specihc couplings between Id A/" = 4 and 3d A/" = 4 theories can be encoded in a combined 
3d/ld quiver diagram (analogous 4d/2d quivers have appeared in [21] (see also [8])).The quiver 
diagram makes explicit the Id flavour symmetries which are gauged with bulk dynamical gauge 
helds and the flavour symmetries which are identihed with 3d havour symmetries, as shown in hgure 
5. We use the mixed circle and square notation of [8] to denote the Id havour symmetries that 
are gauged with dynamical 3d vector multiplets. This 3d/ld quiver also assigns a defect cubic 
superpotential coupling between Id chiral multiplets and 3d hypermultiplets for each triangle that 
can be formed with these helds. 

Demanding that the UV supersymmetric 3d/ld Lagrangian coupling Id chiral multiplets with a 
3d AT = 4 vector multiplet is well-dehned (hnite) requires that [26-28] 

Fi2 = , (2.13) 

where /i is the moment map for the havour symmetry acting on the Id chiral multiplets that is 
gauged with the bulk (dynamical) vector multiplet and g is its 3d gauge coupling. Therefore, in 

^^Obtained by turning on constant commuting values for the three scalars in the Id and 3d W = 4 vector multiplet. 

^^The helds in the Id W = 4 chiral multiplet can be embedded in the 3d W = 4 hypermultiplet. This embedding (see 
appendix A), which we denote by Q, allows one to write supersymmetric couplings between defect chiral multiplets 
and bulk hypermultiplets. 

^®When one of the indices is a 3d gauge index the superpotential indeed enforces the gauging of Id havour symmetries 
with a 3d dynamical vector multiplet. 

^®These quivers but in a 2d W = (2, 2) were used in [8] to describe M2-brane surface operators. 
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Figure 5: Id quiver theory coupled to 3d quiver theory by gauging Id flavor symmetries with 3d vector mutiplets 
(dynamical or weakly gauged). 

the semiclassical UV description, defect fields induce a singular Vortex field configuration on the 3d 
gauge helds. This justihes our use of the subscript V to describe this class of line defects, which we 
refer as Vortex line defects/operators. These UV Vortex line defects flow in the IR to conformal line 
operators in the SOFT preserving 17(1,112)^. 

As another aside, we note that just as a 1/4-supersymmetric Wilson loop supported on an ar¬ 
bitrary curve 7 in have been constructed in (2.8), it should be possible to construct a 1/4- 
supersymmetric Vortex loop on an arbitrary curve in by suitably adjusting the coupling of the 
Id TV = 4 SQM to the bulk 3d TV = 4 theory. Such a Vortex loop would preserve two supercharges: 

= QaAA'^'^^' ■ These Vortex loop operators are in the cohomology of the supercharges of 
the other version of the Rozansky-Witten twisted theory, obtained by twisting spatial rotations with 
SU{2)h. Half-supersymmetric Coulomb branch operators, that is monopole operators, are also in 
the cohomology of this twisted theory. 

Given two UV mirror theories that flow in the IR to the same SCFT, we can construct both 
classes of line operators in each of the UV theories. How are line operators mapped under mirror 
symmetry? Since mirror symmetry exchanges SU{2)c with SU{2)h in dual mirror theories, Wilson 
line operators of one theory are mapped to Vortex line operators in the mirror and viceversa. This 
can be represented by the following diagram: 

Theory A Theory B 

W W 

V^^ ^^V 

Our immediate goal is to come up with an algorithm that yields the duality map between Wilson 
and Vortex loop operators in mirror dual theories. 
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3 Brane Realization Of Loop Operators and Mirror Map 


In this section we first briefly introduce the Type IIB string theory realization of 3d TV = 4 gauge 
theories of [9] and recall how mirror symmetry gets realized as S-duality in string theory. Central 
to the main goal of this paper is the brane realization of both types of line defects discussed in the 
previous section that we put forward in this section. We then devise an explicit algorithm using 
branes in string theory to identify the map between loop operators in mirror dual theories. 

3d A/" = 4 supersymmetric gauge theories admit an elegant realization as the low-energy limit 
of brane configurations in Type IIB string theory [9]. This consists of an array of D3, D5 and NS5 
branes oriented as shown in table 
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X 

X 

X 




NS5 

X 
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X 
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Table 1: Brane array for three-dimensional quiver gauge theories. 


The gauge theory associated to a brane conhguration is constructed by assigning: 

• A U{N) vector multiplet to N D3-branes suspended between two NS5-branes 

• A hypermultiplet in the fundamental representation of U{N) to a D5-brane intersecting N 
D3-branes stretched between two NS5-branes 

• A hypermultiplet in the bifundamental representation of U{Ni) x [/(W) to an NS5-brane with 
Ni D3-branes ending on its left and N 2 branes ending on its right 

Depending on whether the coordinate takes values on the line or is circle valued, the 3d TV = 4 
gauge theories engineered this way are described either by quiver diagrams of linear topology or 
circular topology: linear and circular quiver diagrams respectively. The quiver diagrams for linear 
and circular quiver theories are presented in hgure 1. The general brane conhguration realizing a 
linear quiver theory is shown in hgure 6. For a circular quiver the direction is periodic and there 
are extra D3-branes stretched between the hrst and last NS5-branes.^ 

We are interested in 3d TV = 4 gauge theories that how in the IR to an irreducible, interacting 
SOFT. A 3d TV = 4 gauge theory hows to such a SOFT in the IR if each gauge group factor 
U{Nc) has a number of fundamental hypermultiplets Nf obeying Nf > 2Nc and — 2- The 

second condition is automatically obeyed by linear quivers obeying the hrst condition, but it is an 

^^For more details of these brane constructions see [9,29-31]. 

^®The number inside a circle denotes the rank of a gauge group factor. The number inside a rectangle denotes the 
number of hypermultiplets in the fundamental representation of the gauge group factor corresponding to the circle to 
which attaches. A line between two circles represents a bifundamental hypermultiplet of the two gauge group factors 
connected by the line. 
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Figure 6: Brane configuration realizing a linear quiver theory. 

extra requirement for circular quivers. When these conditions are satished the gauge group of the 
quiver can be completely Higgsed [29,32] and there are no monopole operators hitting the unitarity 
bound [29].^® Mirror symmetry is the statement that two different 3d A/" = 4 gauge theories flow in 
the IR to the same irreducible SCFT. 

The SU{2)c x SU{2)h R-symmetry of such an irreducible SCFT coincides with the SU{2)c x 
SU{2)h R-symmetry of the UV gauge theory. In the brane construction the R-symmetry is realized 
geometrically as spacetime rotations: SU{2)c rotates and SU{2)h rotates 3d A/" = 4 gauge 
theories admit moduli spaces of vacua: the Coulomb branch and the Higgs branch.®® These are 
hyperkahler manifolds invariant under SU{2)h and SU{2)c and acted on by a group of isometries 
Gc and Gh respectively. Gh is manifest in the UV dehnition of the SCFT and is realized as the 
flavour symmetry acting on the hypermultiplets, while only the Cartan subalgebra of Gc is manifest 
in the UV. Each U{1) gauge group factor gives rise to a manifest U{1) global symmetry, known as 
a topological symmetry, which acts on the Coulomb branch. The abelian symmetry acting on the 
Coulomb branch can be enhanced to a non-abelian Gc symmetry when conserved currents associated 
to the roots of Gc can be constructed with monopoles operators.®® The non-trivial, irreducible SCFT 
sits at the intersection of the Higgs and Coulomb branch where the R-symmetry is enhanced to 
SU{2)c X SU{2)h- The IR SCFT inherits a Gc x Gh global symmetry. In the brane realization, 
the Coulomb branch corresponds to the motion of D3-branes along while the Higgs branch to 
the motion of D3-branes along 

The brane description of 3d A/" = 4 UV gauge theories gives an elegant realization of mirror 
symmetry [9], whereby two different UV gauge theories flow to the same nontrivial SCFT in the 
IR with the roles of SU{2)c and SU{2)h exchanged. Mirror symmetry is realized as S-duality in 
Type HB string theory combined with a spacetime rotation that sends x®®® to x®’®® and x®’®® to 
—X®®®, which exchanges SU{2)c with SU{2)h- The combined transformation, which we will refer as 
S-duality for brevity, maps the class of brane conhgurations we have discussed to itself. Given the 

^®When Nf < 2Nc or Mi <2 for circular quivers the IR theory is believed to contain a decoupled sector. 

^°Mixed branches can emerge at submanifolds of the Higgs and Coulomb branch. 

maps to the flavour symmetry acting on the hypermultiplets of the mirror theory. 

^^The brane realization makes it clear why Mi > 2 is required for complete Higgsing in circular quivers. 

Indeed, unless there are two D5-branes, D3-branes segments cannot be detached from the NS5-branes. 
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brane configuration corresponding to a UV 3d TV = 4 gauge theory, the mirror dual gauge theory is 
obtained by analyzing the low energy dynamics of the S-dual brane configuration. The mirror UV 
gauge theory can be read by rearranging the branes along the direction, possibly using Hanany- 
Witten moves [9] involving the creation/annihilation of a D3-brane when an NS5-brane crosses a 
D5-brane, to bring the S-dual brane configuration to a configuration where the low energy gauge 
theory can be read using the rules summarized above. This transformation preserves the type of 
quiver, and thus the mirror of a linear quiver is a linear quiver and the mirror of a circular quiver is 
a circular quiver.Examples of mirror-dual pairs of quivers are given in figure 7. 



Figure 7: a) A pair of mirror dual linear quivers, b) A pair of mirror dual circular quivers. 

An A/” = 4 SOFT in fiat space admits canonical relevant deformations preserving 3d A/" = 4 
Poincare supersymmetry. These deformations are associated to the flavour symmetries Gc x Gh 
acting on the Coulomb and Higgs branches of the SCFT. In a UV realization of the SCFT, these 
deformations couple to a triplet of mass and FI parameters, which transform in the (3,1) and (1, 3) 
of SU{2)c X SU{2)h- Mass and FI deformations are obtained by deforming the UV theory with 
supersymmetric background vector multiplets in the Cartan of Gh and supersymmetric background 
twisted vector multiplets^^ in the Cartan of Gc respectively. In the brane realization, these param¬ 
eters are represented by the positions of five-branes. The position of the Uth D5-brane along 
corresponds to a mass deformation rfij while the position of the Uth NS5-brane along corresponds 
to an FI parameter Mass and FI parameters are exchanged between mirror dual theories. Indeed, 
in the brane realization of mirror symmetry through S-duality the roles of the NS5 and D5-branes are 
exchanged. The positions of the 5-branes in the direction are irrelevant in the infrared 3d SCFT. 
For instance, the separation between two consecutive NS5-branes is inversely proportional to the 
coupling ^fyM of effective low-energy 3d SYM theory living on the D3-branes stretched between 
the two NS5-branes. In the deep IR, where the Yang-Mills coupling diverges, the dependence on gyj^ 

^^The irreducibility condition of the IR SCFT is preserved under mirror symmetry, except for a circular quiver with 
a single node, whose mirror dual has a single fundamental hypermultiplet 
^^In twisted multiplets the roles of SU{2)c and SU{2)h are exchanged. 
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disappears. 

Linear quivers that flow to irreducible, interacting SCFT’s can be labeled by two partitions 
of - p and p - and are denoted by T?[SU{N)] [29]. Circular quivers flowing to interacting 
SCFT’s are labeled also by two partitions of N and a positive integer L, and can be denoted by 
C^[SU{N),L] [31].^^ Under mirror symmetry 


T^{SU(N)] 4= 

=4 r'[st;(iv)] 

(3,1) 

Ci\SU(N),L] 4= 

4c;[s(7(/v),l], 

(3.2) 


and the role of the two partitions are exchanged. The Coulomb branch of these theories, and by 
mirror symmetry the Higgs branch, describe the moduli space of monopoles in the presence of Dirac 
monopole singularities for linear quivers and the moduli space of instantons on a vector bundle over 
an ALE space for circular quivers. 

In this paper we give a brane realization of both classes of loop operators discussed in section 2 
and put forward an algorithm that produces a map between loop operators of mirror dual theories. 

3.1 Brane Realization Of Wilson Loop Operators 

A key ingredient in our derivation of the mirror map of loop operators is identifying a brane realization 
of Wilson loop operators, which are labeled by a representation TZ of the gauge group. Inserting a 
supersymmetric Wilson loop operator in a 3d A/" = 4 linear or circular quiver gauge theory admits 
a simple brane interpretation, obtained by enriching the setup in [9]. The construction we propose 
extends to 3d W = 4 gauge theories the realization of Wilson loops by branes in 4d W = 4 SYM 
in [10] [11] (see also [33] [34]). 

We start with the brane realization of a supersymmetric Wilson loop in the k-th antisymmetric 
representation of a f/ (N) gauge group factor in the quiver, which we denote by Ak- Such an operator 
insertion is realized by adding fc FI strings stretched in the direction ending at one end on the N 
D3-branes where the U{N) gauge group is supported and at the other end on a D5’ brane, defined 
as a D5-brane stretched in the directions.^® The brane configuration realizing such a Wilson 

loop is given in table 2. The array of fundamental strings ends between the two NS5-branes over 
which the N D3-branes are suspended. This brane setup is depicted in the example of figure ^-a. 

This enriched brane configuration is supersymmetric: it preserves the SQMvk subalgebra of the 
3d AT = 4 super-Poincare algebra discussed in section 2. Quantization of the open strings stretched 

this paper we will not need the explicit mapping between the data of the quivers and p, p and L, but present 
it here for completeness. It is based on the linking numbers of the D5-branes U and NS5-branes Ij, which obey 
12^ k = b ~ -^5 with k and k the total numbers of D5/NS5-branes. For linear quivers we have that N = 
/i-t-...“t-h~l“t...“bl “1-2-1-...-t-2-1-... and Ij = Nj—i — Nj ^2s—j where Nq = — 0 and = 0. For 

Ml M2 

circular quivers it is the same but with = L and non-zero M^. 

Adding the D5’-brane does not break any further symmetries beyond those broken by the Fl-strings. 
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Table 2: Brane Realization of Wilson Loops in 3d Af = 4 Gauge Theories. 



Figure 8: a) Brane configuration with k Fl-strings ending on a D5’-brane, realizing the insertion of a Wilson loop in 
the Ak representation of the C/(3) node of a linear quiver. Here 1 < fc < 3. b) Brane configuration with k Fl-strings 
ending on a D5-brane, realizing the insertion of a Wilson loop in the Sk representation of the U{2) node of the same 
linear quiver. 


between the D3 and the D5’-branes gives rise to Id complex fermions x localized on the line defect 
and furnish the dimensional reduction of the 2d A/" = (0,4) gauged Fermi multiplet 


j <i(X* fSi + (Ai + <r-m)]x, 


(3.3) 


where = m is the location of the D5’-brane. The fermions are in the bifundamental representation 
of U{N) X where U{N) is the gauge group on the D3-brane segment where the Fl-strings end 

and the U{1) is the flavour symmetry associated to the D5’-brane. The fermions can be integrated 
out exactly and yield^^ 


Zn = 


Vdet U 


N 

E 

1=0 




(3.4) 


where U 


p^i Sq dtAo+a 


is the supersymmetric holonomy operator. 


As it stands there is a global 


^^Here we put the system on a circle of length /3. 
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anomaly for the U{1) C U{N), since under large gauge transformations Zq —)■ —Zq. Our brane 
realization of the Wilson loop, however, engineers a bare supersymmetric Chern-Simons term at 
level fc = 1/2, that is 1/2 J (Aq + a), which precisely cancels the offending factor det(U)~^^^, and the 
brane system is anomaly free.^® Integrating out the fermions in the presence of the Chern-Simons 
term therefore yields 

N 

Z = (3.5) 

1=0 

The presence of k Fl-strings stretched between the D3 and D5’-branes is represented in the 
gauge theory by the insertion of k creation operators for these fermions in the past and k annihi¬ 
lation operators in the future. Physically, these operators insert a charged probe into the gauge 
theory. Integrating out these fermions inserts a supersymmetric Wilson loop operator in the fc-th 
antisymmetric representation [10] 


((x'(0))lV(/3)) 

z 




(3.6) 


The weights of the k-th antisymmetric representation of U{N) admit an elegant description in 
the brane construction. We must distribute k Fl-strings among N D3-branes (all k Fl-strings 
terminate at the other end on a single D5’-brane). To a pattern of k Fl-strings where kj strings 
end on the j-th D3-brane (see hgure 9) we associate a set of N non-negative integers {kj} obeying 
k = fci -|- /c 2 + ■ ■ ■ + with kj > 0 for all j. However, not all positive integers kj are allowed. 
There can be at most one Fl-string stretched between a D3-brane and a D5’-brane. This is the 
so-called s-rule [9], and is a constraint that follows from Pauli’s exclusion principle [36]. Therefore, 
the allowed conhgurations are described by a collection of N non-negative integers {kj} with the 
constraint that kj < 1. This set of conhgurations is in one-to-one correspondence with the weights 
of the fc-th antisymmetric representation of U{N), i.e. of Ak- 

We now turn to a Wilson loop in the k-th symmetric representation of U{N), which we denote by 
Sk- Inserting a Wilson loop in the k-th symmetric representation is realized by adding fc FI strings 
stretched in the direction ending at one end on the N D3-branes where the U{N) gauge group 
is supported and at the other end on a D5-brane stretched in the directions and localized in 

the X® direction. The array of fundamental strings ends between the two NS5-branes over which the 
N D3-branes are suspended. This setup is illustrated in hgure 8-b. In this case the charged probe 
particle inserted by the Wilson loop can be though of as arising from a very heavy hypermultiplet, 
represented by adding a D5-brane to the theory and then taking the D5-brane far away from the 
stack, thus giving it a large mass and making the hypermultiplet helds nonrelativistic. Integrating 
out the heavy hypermultiplet in the presence of k heavy insertions yields a supersymmetric Wilson 
loop operator in the k-th symmetric representation [10,11].^® 

■^^This coupling is obtained by inserting the flux produced by the D5’-brane on the non-abelian Chern-Simons term 
on the worldvolume of the D3-branes. This is T-dual to the haf-integral Chern-Simons term discussed in [35]. 

^®In [11] the heavy charged particle was obtained by going to the Coulomb branch while here by giving a large mass 
to a hypermultiplet. 
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Figure 9: Configuration with stacks of kj Fl-strings, 1 < j < 4, ending on each of the four D3-branes, associated 
to a weight {ki , k 2 , ks , k^) of a representation of t/(4). 

The weights of the k-th symmetric representation of U{N) admit an elegant description in the 
brane construction. We again distribute k Fl-strings among N D3-branes (all k Fl-strings terminate 
at the other end on a single D5-brane). To a pattern of k Fl-strings where kj strings end on the j-th 
D3-brane (see hgure 9) we associate a set of non-negative integers {kj} obeying k = ki + k 2 + ■ ■ -T/cAr, 
with kj > 0 for all j. In this case an arbitrary number of Fl-strings can be stretched between the D5 
and a D3-brane. Therefore the set of configurations is in one-to-one correspondence with the weights 
of the k-th symmetric representation of U{N), i.e. of Sk- 

Our brane construction can be easily generalized to Wilson loops in the tensor product of an ar¬ 
bitrary number of symmetric and antisymmetric representations of U{N): TZ = Ai(b). 

This requires considering Fl-strings stretched between d D5-branes and d' D5’-branes and the 
N D3-branes that support the gauge group. For the above mentioned representation k^°''^ Fl- 
strings must emanate from the a-th D5-brane and Fl-strings from the 6-th D5’-brane. Inte¬ 
grating out the massive charged particles produced by this conhguration yields a Wilson loop in 
the desired representation. Furthermore, the set of allowed Fl-string conhgurations, labeled by 
[k^P,... ,kf'\lf\ ■ ■ ■ with G N, G {0,1} and such that Yhjkf^ = and 

~ yields precisely all the weights in the representation IZ = 0^=1 ^f U{N). 

More precisely a conhguration is associated to a weight w = {wi, W 2 , - ■ ■ ,wn) in the orthogonal basis 
with Wj = ■ Clur analysis can be summarized in table 3. 

In order to describe Wilson loops in the above mentioned representation we have to place the d D5 
and d' D5’-branes at different positions in the and x'^ directions. The separation in the x® direction 
is not essential at this stage but plays a role when we identify the S-dual brane conhguration and the 
mirror dual Vortex loop. The separation in the x^ direction is more crucial: if two D5-branes sit at 
the same x^ position, the pattern of Fl-strings is more complicated since strings can now break and 
be stretched between the two D5-branes preserving the same amount of supersymmetry. In this case 
we expect that the brane conhguration would insert a Wilson loop in an irreducible representation 
of U{N), as in [10] [11]. An irreducible representation TZ of U{N) labeled by a Young diagram with 
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number of D5 

number of D5’ 

rep. 71 
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<Sk 
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•Ak 

0 

2 

Ai(i) 0 Ai(2) 

1 

1 

Sk ® Ai 


Table 3: D5/D5’-brane arrays inserting a Wilson loop in a representation TZ of U{N). The integers and 
correspond to numbers of Fl-strings stretched between a single 5-brane and the N D3-branes as explained in the text. 


M rows and L columns 


M 


is realized either by having \TZ\ Fl-strings end on M coincident D5-branes (in the direction) or 
\TZ\ Fl-strings end on L coincident D5’-branes away from the main stack, where \TZ\ is the number of 
boxes in the Young diagram corresponding to TZ. Figure 10 provides an example of the two possible 
brane conhgurations realizing a Wilson loop. 


y 

Lx. 


( 1 ) 

I 

(3) 


D5' 


D5' 


D5' 


iL 


(5) 



(N) 




Li 


p D5 


( 2 ) 


0 D5 


(5) 



(N) 



Figure 10: The Wilson loop in the representation of U{N) labeled by the Young tableau of the figure can be realized 
in two ways. On the left: 1, 2 and 2 strings emanate respectively from three coincident D5’-branes (along x^). On the 
right: 2 and 3 strings emanate respectively from two coincident D5-branes. 

In the brane realization we must specify between which two consecutive NS5-branes the Fl-strings 
end. This determines in which gauge group the Wilson loop is inserted. While the Fl-strings cannot 
be moved across an NS5-brane without changing the Wilson loop operator, they can be freely moved 
across a D5-brane without changing the Wilson loop operator in the IR if the D5-brane has the 
same number of D3-branes ending on the left and the right, which is the case in the canonical brane 
conhguration in hgure 6. The corresponding S-dual statement, that Dl-branes can be moved across 
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an NS5-brane with the same number of D3-branes ending on the left and the right but that Dl-branes 
cannot be moved across a D5-brane without changing the IR dynamics, will play an important role 
in unraveling the mirror map of loop operators. 

3.2 Mirror Of Wilson Loops Prom S-duality 

After having found a brane realization of Wilson loops, we now make use of the fact that mirror 
symmetry corresponds to S-duality in the Type IIB brane realization to derive the mirror dual 
of supersymmetric Wilson loop operators. Here we loosely call S-duality what is really S-duality 
combined with the rotation that sends to and x”^®® to —x^^®, so that D5-branes and NS5- 
branes get exchanged. We shall see that the information about the representation of the Wilson loop 
is encoded in the discrete data of a Id W = 4 SQM quiver quantum mechanics gauge theory. 

We have found that Wilson loop insertions can be realized by a brane conhguration with Fl- 
strings stretched between the N D3-branes and D5-branes and/or D5’-branes, oriented as in table 2. 
Under S-duality the D5 and D5’-branes become NS5 and NS5’-branes, while the Fl-strings become 
Dl-branes, oriented as in table 4. This brane conhguration preserves the SQMy subalgebra of the 
3d W = 4 super-Poincare algebra discussed in section 2.^° A Id W = 4 SQMy invariant theory 
is supported on the Dl-branes The U{1) x SU{2) R-symmetry of SQMy is identihed with 
S'0(2)i2 X S'0(3)789 rotations in spacetime.The remaining S'0(2)i2 — S'0(2)45 isometry (a diagonal 
S'0(2)) is mapped to a havor symmetry of the SQM theory, which is the commutant of SQMy in 
the 3d W = 4 supersymmetry algebra. 
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Table 4: Brane array with Dl-branes 


We will now exhibit that Wilson loops in a UV 3d A/" = 4 gauge theory are mirror to loop 
operators dehned by Id W = 4 SQMy invariant quiver gauge theories coupled to the mirror 3d 
W = 4 gauge theory. Likewise, the Wilson loops of the mirror theory are mapped to Id = 4 
quiver gauge theories coupled to the original 3d A/" = 4 gauge theory. The Id A/" = 4 quiver gauge 
theories and the way they couple to the 3d A/" = 4 gauge theory are found by identifying the IR 
gauge theories living on the Dl-branes in the S-dual brane conhguration. 

^°S-duality in Type IIB string theory acts nontrivially on the supersymmetry charges. 

^^Dl-branes span an interval in the x® direction. The low-energy effective theory is thus one-dimensional. 

“^^For later convenience, we have combined the R-symmetry Rh realized by iS'0(2)45 with the with the SO{2)i2 — 
S'0(2)45 commutant to define a new R-symmetry: SO(2)i2. 
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How can the mirror operator to a given Wilson loop be constructed? First we perform S-duality 
on the brane conhguration realizing a Wilson loop in a 3d A/" = 4 gauge theory. In the absence of 
the Fl-strings, the mirror 3d A/" = 4 theory is found by rearranging the S-dual brane conhguration 
so as to bring it to the canonical frame explained at the beginning of section 3, where the mirror 
gauge theory can be easily read. After S-duality, the number of D3-branes on the left and on the 
right of a D5-brane need not be the same while that number is the same for every NS5-brane, as 
before S-duality the D5-branes had the same number of D3-branes on both sides. In order to bring 
the brane conhguration to one where the gauge theory can be read we must move the D5-branes with 
an excess of D3-branes in the direction of the excess and make it pass through NS5-branes. Every 
such move, exchanging a D5-brane with an NS5-brane, results in the creation of a D3-brane [9] on 
the side of the D5-brane that had a smaller number of D3-branes, thus diminishing the D3-brane 
excess. See hgure 11. This process must be continued until the number of D3-branes on each of the 
D5-branes is the same on the left and on the right. From this hnal conhguration we can read the 
mirror dual gauge theory. 


D5 



D5 



Figure 11: Hanany-Witten five-brane move. Initially Ni < A^ 2 - After the D5 has crossed the NS5, the number of 
D3-branes between them is N 2 = Ni + — N 2 + 1- The D3-excess on the D5-brane sides goes down from N 2 — W 

to A ^2 — W — 1- 


Insertion of a Wilson loop operator in a gauge group factor requires adding Fl-strings ending 
between the two consecutive NS5-branes where the D3-branes supporting that gauge factor are 
suspended. After S-duality, we have the same S-dual brane conhguration as before but now with extra 
Dl-branes ending between a pair of consecutive D5-branes. It is from this S-dual brane conhguration 
that we read oh the Id A? = 4 quiver gauge theory living on the Dl-branes and its coupling to the 
mirror dual gauge theory. In order to read the mirror description of the original Wilson loop we once 
again move the D5-branes in the direction of D3-brane excess to bring the brane conhguration to the 
canonical one, where the 3d A/" = 4 mirror gauge theory can be extracted. During this process we do 
not allow a D5-brane to cross a Dl-brane. In the simplest situations, the D5-branes can be moved 
to the canonical conhguration of the mirror dual theory without having to move the Dl-branes. 
Then we can directly read oh the Id A/" = 4 quiver theory from the hnal brane conhguration with 
Dl-branes (see below). In more complicated examples, we have a situation when a D5-brane must 
be moved past an NS5-brane while Dl-branes stand between them. For dehniteness let us imagine 
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that the D5-brane must be moved from the left to the right of an NS5-brane, with the Dl-branes in 
between, as in hgure 12-a. 




Figure 12: a) The D5-brane has to be moved to the right of the NS5-brane to reach the canonical brane configuration. 
The Dl-branes in between must first be moved across the NS5-brane themselves, b) After moving the D1 and D5- 
branes, stacks of Dl-branes end up attached to the NS5-brane and moved away from the main brane configuration 
along transverse directions (transverse to the picture). 

In this situation the Dl-branes together with the NS5/NS5’-branes to which they are attached 
at the other end must be moved hrst to the right of the NS5-brane. Here we must distinguish two 
situations: if the number of D3-branes ending on both sides of the NS5-brane are equal, then the Dl- 
branes can be moved across it without anything special happening (in the S-dual picture, Fl-strings 
can cross a D5-brane with the same number of D3-branes on both sides in the same trivial way). 
However the NS5-brane can also have an excess of D3-branes on the right.Then the NS5-brane 
develops a D3-brane spike [37] and some Dl-branes may be moved along the spike so that they end 
on the NS5-brane, and can then be moved far away from the main stack along transverse directions. 
If there were k Dl-branes in the original stack, they could split into ki Dl-branes moved from the 
left to the right of the NS5-brane along the D3-branes and ^2 Dl-branes moved along the NS5-brane 
spike and away from the main stack, with k = ki + k 2 - Then the D5-brane can be moved across the 
NS5-brane as usual, without encountering the Dl-branes. This is illustrated in hgure 12-b. 

The choice of splitting k = ki + k 2 may be constrained, but generically several splittings may be 
allowed. The idea of the mirror map is that the initial Wilson loop is mapped to the sum of the Vortex 
loops realized by the possible hnal brane conhgurations, weighted with coefficients. The precise rules 
to derive which hnal brane conhgurations can be reached (and their weighting coefficients) are not 

“^^The NS5-brane cannot have an excess of D3-branes on the left, where the D5-brane is coming from. This can 
be understood as follows. After S-duality of the original configuration, the number of D3-branes on both sides of the 
NS5-brane are equal. During the brane rearrangement some D5-branes can move across it but only in one direction 
(because D5-branes do not cross between themselves during the rearrangement). In our example, D5-branes cross the 
NS5-brane from the left to the right. For each D5-brane crossing the NS5, the Hanany-Witten rule implies that the 
excess of D3-branes on the right of the NS5 increases by one, so that along the process the NS5 develops an excess of 
D3-branes on the right. In the other case when D5-branes cross the NS5 from the right to the left, the NS5 develops 
an excess of D3-branes on the left. 
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obvious. Intuitively the difficulty is related to the fact that the D3-spike is “on the wrong side” of 
the NS5-branes, so that we cannot directly move the Dl-branes along the spikes. We will see shortly 
that the situation is under much better control starting from the Dl-branes conhgurations realizing 
Vortex loops and S'-dualizing to conhgurations realizing the mirror Wilson loops. 

What are the hnal brane conhgurations? In addition to the D3, D5, NS5 system realizing the 
mirror dual theory, there are Dl-branes ending on D3-branes on one side and on NS5 and/or NS5’- 
branes situed far away from the main conhguration. Moreover there are also Dl-branes ending on 
NS5-branes in the main stack. The physical interpretation of having q Dl-branes ending on an 
NS5-brane is as a background Wilson loop of charge q for a U{1) global symmetry associated to the 
NS5-brane, which is a combination of the so-called topological symmetries of the 3d theory. These 
havor Wilson loops combine with the Vortex loop realized by the Dl-branes ending on D3-branes, 
which we describe now. 

A hnal brane conhguration with Dl-branes ending on D3-branes in one end and on NS5 and/or 
NS5’-branes on the other can be used to give at least two descriptions of the mirror of a Wilson loop. 
This brane conhguration can be thought of as a deformation of two other brane conhgurations, both 
of which are conducive to reading oh the Id A? = 4 quiver gauge theory living on the Dl-branes and 
its couplings to the bulk 3d A/" = 4 gauge theory. The Dl-branes can be either moved to the nearest 
NS5-brane to the left or to the nearest NS5-brane to the right. In order to reach this conhguration, 
from which the gauge theory description of the mirror loop operators can be read oh, we must again 
ensure that no Dl-strings cross D5-branes. This means that we have to move the D5-branes between 
the Dl-branes and the nearest NS5-brane to the other side of that NS5-brane. In summary, we can 
realize the mirror loop operator either as: 

1. Deformation of the coupled 3d/Id theory realized by the Dl-branes when they end on the 
NS5-brane on the left. 

2. Deformation of the coupled 3d/ld theory realized by the Dl-branes when they end on the 
NS5-brane on the right. 

These yield two dual descriptions of the same operator. 

Once we move the stack of Dl-branes so that it ends on a neighbouring NS5-brane, we can read 
off the Id A? = 4 quiver gauge theory and how it couples to the 3d A? = 4 gauge theory. The Id 
AT = 4 gauge theory associated to a brane conhguration is constructed by assigning: 

• A U{k) vector multiplet to k Dl-branes suspended between an NS5-brane and an NS5’-brane. 

• A U{k) vector multiplet and an adjoint chiral multipletto k Dl-branes suspended between 
two NS5-branes or two NS5’-branes. 

• Two chiral multiplets in the bifundamental and anti-bifundamental representations of U{ki) x 
U{k 2 ) to an NS5-brane or NS5’-brane with ki Dl-branes ending on its left and k 2 Dl-branes 
ending on its right. 

^^The adjoint chiral multiplet describes the position of the Dl-branes in the directions (for NS5-branes), or in 
the directions (for NS5’-branes). 

^®The bifundamental representation of U{ki) xU{k 2 ) is (ki, £ 2 ) and the anti-bifundamental is its complex conjugate. 
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• A chiral multiplet in the bifundamental of U{Nji) x U{k) and an chiral multiplet in the bifun¬ 
damental of U{k) X U{Nl) to k Dl-branes ending on an NS5-brane which has Nl D3-branes 
ending on its left and Nr D3-branes ending on its right. 

Figure 13 summarizes the reading of the Id TV = 4 quiver SQM gauge theory from the brane 
conhguration, when moving the Dl-strings to the nearest NS5-brane on the left. 



Figure 13: To read the SQM quiver we move the Dl-branes to the closest NS5-brane on the left. The rank of 
nodes are given by rij = where qi is the number of Dl-branes emanating from the Tth five-brane. The qi are 

trivially mapped to the and introduced in the text. NS5’-branes are denoted by blue squares, as a opposed to 
NS5-branes that are blue circles. 

The parameters of the Id A/" = 4 gauge theory living on the Dl-branes admit a brane inter¬ 
pretation. The gauge coupling of the vector multiplet realized on Dl-branes stretched between two 
hve-branes (NS5 or NS5’) is inversely proportional to the distance in the direction between the 
hve-branes. The relative position in the direction between two consecutive hve-branes (NS5 or 
NS5’) determines the Id A/” = 4 FI parameter for the corresponding gauge group factor. If we denote 
the position of the NS5-brane in the main stack where the Dl-strings originally end by Xq and xf 
the position of the Tth hve-brane away from the main stack, the Id FI parameters are given by 
rji = xf — xf_^. In particular, if the Dl-branes are moved to the right of the NS5-brane in the main 
stack along the D3-branes then the FI parameter for the hrst Id gauge group factor is positive, while 
it is negative if we move the Dl-branes to the left along the D3-branes. Therefore, the 3d/ld gauge 
theories 1) and 2) described above obtained after S-duality should be thought of as a deformation 
with > 0 of theory 1) and a deformation with r^i < 0 of theory 2). 

Consider for instance the Dl-brane conhguration of hgure 13 near an NS5-brane in the main 
stack with Dl-strings emanating from the a-th NS5-brane and Dl-strings from the 6-th 
NS5’-brane and ending on the Nr D3-branes to the right of the NS5-brane in the main stack. There 
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are also D3-branes to the left of this NS5-brane. To this brane conhguration we can associate 
the representation TZ = 0^=1 U{Nji), where d and d' denote the nnmbers of NS5 

and NS5’-branes from which the Dl-branes emanate. This brane conhgnration can be thonght of 
as a deformation of a Id A/" = 4 qniver gange theory in hgnre 13 with positive FI parameters. 
There are actnally different dnal descriptions of the Id A/” = 4 theories depending on the relative 
order of the d NS5 and d' NS5’-branes in the direction. Different relative positions give rise to 
different dnal Id A/" = 4 descriptions of the same Vortex loop operator labeled by the representation 
TZ = Aim of U{N]i). Ronghly speaking, these dnal descriptions are related by a Id 

AT = 4 version of Seiberg dnality [20] (see also [21,38]). 

We have described the Id A/" = 4 SQMy qniver theory living on the Dl-branes. We mnst now 
explain how it is conpled to the 3d A/" = 4 gange theory. The idea is that the U{Nl) x flavor 

symmetry of the Id A/” = 4 theory is ganged with 3d bnlk helds living on the D3-branes ending on the 
NS5-brane on the main stack. We mnst, however, distingnish the D3-branes snpporting dynamical 
gange helds from the non-dynamical D3-branes stretched between the NS5 and a D5-brane. To read 
the SQM theory we had to move Dl-branes to the closest NS5-brane to left (or to the right). Snppose 
there are riDs D5-branes standing between this NS5 and the Dl-branes, then we have to move them 
hrst to the left of the NS5 and, by the Hanany-Witten effect, one D3-brane per D5 is created ending 
on the left of the NS5-brane. In this case the D3-branes ending on the left of the NS5 decompose 
into Nl = nos + n-Ds, where nns is the nnmber of dynamical D3-branes, those snpporting a U^n-os) 
3d A/" = 4 vector mnltiplet. On the other side, the Nr D3-branes ending on the right of the NS5 
snpport a U{Nr) 3d A/” = 4 vector mnltiplet. The Id A/" = 4 theory is then conpled to the 3d A/" = 4 
theory by ganging the U{Nr) and U{n-R)^) C U{Nl) flavor symmetries on the defect with dynamical 
3d A/" = 4 vector mnltiplets.^® Fnrthermore, there is a cnbic snperpotential as in (2.12) which breaks 
the D(nD 5 ) 3 d x V(nD 5 )id flavor symmetry to the diagonal U{nB 5 ), where t/(nD 5 )id C U{Nl) and 
V(nD 5 ) 3 d is the 3d flavor symmetry acting on the riDs hypermnltiplets associated to the D5-branes. 
The 3d/ld conpling that can read from the brane pictnre is snmmarized in the example of hgnre 14. 

The 3d/ld conpling for the SQMy theories read from moving the Dls to the nearest NS5 on the 
right are fonnd similarly, as shown in hgnre 15. 

As mentioned above, it tnrns ont to be simpler to derive the mirror map if we consider the inverse 
problem of hnding the combination of Wilson loops dnal to a given Vortex loop. Starting with a 
conhgnration of Dl-branes realizing a Vortex loop, we can S-dnalize to obtain a conhguration with Fl- 
strings and move the D5-branes to reach the canonical brane conhguration of the mirror-dual theory. 
The crucial diherence is that we do not need to move the Fl-strings, instead we are allowed to move 
the D5-branes across the stack of Fl-strings if this is necessary to reach the canonical conhguration. 
When we have to move a D5 across the Fl-strings the situation is always the same, namely the 
D5-brane has an excess of D3-branes on the side toward which it is moving. This means that the 
Fl-strings are on the side of the D3-spikes, along which they can be moved without obstruction. 

"^^More precisely the 3d W = 4 vector multiplet decomposes into multiplets of the subalgebra preserved by SQMy, 
each multiplet containing fields at a given position in the plane orthogonal to the defect. A Id W = 4 SQMy vector 
multiplet embedded in the 3d W = 4 vector multiplet lives at the position of the defect and gauges the corresponding 
flavor symmetry. 
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Figure 14: Example of configuration with Dl-branes and associated Id Af = 4 quiver gauge theory, coupled to the 
3d Af = 4 theory r[5'?7(3)]. Semi-squared nodes denote 3d gauge symmetries gauging Id flavor symmetries. 

When the D5-brane crosses the Fl-strings the number of D3-branes at the bottom of the strings 
decreases, as in hgure 16. The initial k strings split into k = ki + k 2 strings, where ki strings end on 
the remaining D3-branes, while /c 2 strings have been moved along the D3-spikes and end now on the 
D5, away from the main brane configuration. There are many possible final brane configurations, 
associated to the various choices of splittings (constrained by the s-rule) as D5-branes are moved 
across the Fl-strings, and each of these final configuration realizes a Wilson loop in a certain node 
of the mirror theory, combined with flavor Wilson loops inserted by the strings ending on the D5- 
branes. Physically q Fl-strings ending on a D5 insert a Wilson loop with charge q under the U{1) 
flavor symmetry acting on the associated hypermultiplet. The mirror symmetry prediction is then 
that the initial Vortex loop is mapped to the sum of the Wilson loops realized by the possible hnal 
brane conhgurations. We will provide explicit mirror map predictions using this algorithm in the 
next section. 

The simplest situations arise when no D5-branes must be moved across Fl-strings, in which case 
the Vortex loop is mapped to a single Wilson loop in the mirror theory and both loops are labeled 
by the same representation TZ oi a certain U{N) gauge group factor. This is the case for instance 
in circular quivers with nodes of equal rank, for which mirror symmetry is simply implemented by 
S'-duality on the brane configuration and no D5-brane moves are required to reach the mirror dual 
conhguration (see section 4.4). 

In this section we have found a systematic algorithm to construct the mirror map between Wilson 
loop and Vortex loop operators in mirror dual theories. This can be applied to construct the mirror 
map for any pair of 3d A/" = 4 mirror quiver gauge theories of linear or circular type. We will apply 
this algorithm on several explicit examples below. 
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Figure 15: Pushing the Dl-branes to the NS5-brane on the right, we can read another 3d/ld theory, giving a second 
UV realization of the same Vortex loop. 

4 Mirror Symmetry and Loop Operators: Examples 

In this section we give the explicit mirror map between loop operators using the ideas and tools 
introduced in the previous section. We provide examples both for linear and circular quivers. 

We hrst discuss the action of mirror symmetry of loop operators for a class of 3d A/" = 4 linear 
quivers that are self-mirror: that is T[SU{N)] [29]. T[SU{N)] is encoded by the quiver diagram of 
hgure 17-a. The gauge group is G = U{j) and there are N fundamental hypermultiplets in 

the U{N — 1) node. The brane realization of T[SU{N)] is shown in hgure 17-b. 

Constructing the mirror map for arbitrary loops in T[SU{N)] already incorporates all the sub¬ 
tleties and physical phenomena that emerge in the most general case already discussed in section 
3.2. We then provide duality maps for other examples of linear and circular quivers. 

4.1 T[SU{2)] 

Consider a charge k Wilson loop H4 in T[SU{2)], a U{1) gauge theory with two fundamental hy¬ 
permultiplets (see hgure 18). The brane construction of T[SU{2)] has a single D3-brane stretched 
between two NS5-branes which is crossed by two D5-branes. According to the discussion of section 
3.1, the insertion of the charge k Wilson loop (which is the same as the Sk representation in an abelian 
theory) is realized by adding k Fl-strings stretched between the D3-brane and an extra D5-brane 
far away from the stack (hgure 19-a). The Fl-strings (and extra D5-brane) can be moved along the 
direction along the D3-brane without changing the infrared 3d theory, so we can without loss of 
generality place the Fl-strings between the two D5-branes. 

Acting with S-duality on this enriched brane conhguration and moving the D5-branes according 
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Figure 16: a) The D5-brane has to be moved to the right, across Fl-strings, to reach the canonical brane conhguration. 
b) After moving the D5-brane, stacks of Fl-strings end on the D5-brane and are moved along transverse directions 
(transverse to the picture) away from the main brane configuration. 
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Figure 17: a) T[SU{N)] quiver, b) Brane realization. 

to the Hanany-Witten rules we recover the same T[SU{2)] brane conhguration but with k Dl-branes 
stretched between the D3-brane and an extra NS5-brane far away from the stack as in hgure 19-c. 
The Dl-branes end on the D3-brane between the two D5-branes. We note that this is the hnal 
S-dual brane conhguration irrespectively of where we decide to place the Fl-strings relative to the 
original D5-branes. The presence of the Dl-branes is responsible for the insertion of a supersymmetric 
one-dimensional defect in the T[SU{2)] theory living on the D3-branes. We denote this defect by I 4 . 

The operator I 4 can be described by a Id W = 4 gauge theory coupled to T[SU (2)]. As explained 
above there are two alternative 3d/ld defect descriptions of 14, that we can read by moving the Dl- 
branes on top of the nearest NS5-brane on the left or on the right. It is a non-trivial dynamical 
statement that these two descriptions of I 4 do indeed describe the same operator (see section 5). 

We start with the description of 14 as a deformation of the theory where the Dl-branes end on 
the left NS5-brane. This configuration is reached by first moving the left D5-brane to the left of 
the NS5-brane, creating a D3-brane by the Hanany-Witten effect, and then moving the Dl-branes 
(together with the extra NS5-brane far away) until they end on the NS5-brane, thus reaching the 
conhguration shown in hgure 20. In the IR, the theory supported on the brane conhguration is a 
3d/ld Af = 4 gauge theory coupled to T[SU{2)], which can be read from the rules described in the 
previous section. It is described by the Id A/” = 4 quiver gauge theory of hgure 20, a U{k) gauge 
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Figure 18: T[SU{2)] quiver and its brane realization. 
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Figure 19: a) Brane realization of a charge k Wilson loop insertion in T[SU{2)]. b) Configuration after S-duality (and 
rotation), c) After Hanany-Witten D5-brane moves: k Dl-branes stretched between a NS5-brane and the D3-brane 
in the mirror T[SU(2)] brane configuration. The Dl-branes end between the two D5-branes. 

theory with an adjoint chiral multiplet, one fundamental and one anti-fundamental chiral multiplet 
coupled to T[SU{2)] as shown in hgure 20. 

The way the Id A/” = 4 quiver gauge theory couples to T[SU{2)] can be read from the brane 
conhguration. The U{1)~ flavor symmetry acting on the anti-fundamental chiral multiplet is gauged 
with the 3d A/” = 4 f/(l) vector multiplet, and the U{1)^ flavor symmetry acting on the fundamental 
chiral multiplet is identihed with the U{1) flavour symmetry acting on the 3d hypermultiplet in 
T[SU{2)] associated to the left D5-brane. The operator 14 is described by the coupled 3d/ld theory 
summarized by the mixed 3d/ld quiver diagram in 20. As explained in section 2, the identihcation 
of Id with 3d flavour symmetries is implemented with a superpotential coupling (2.12) between the 
relevant defect chiral multiplets and bulk hypermultiplet. In the initial conhguration (hgure 19-c) 
the Dl-branes end on the D3-branes instead of the left NS5-brane. The deformation corresponding 
to moving the Dl-branes along the D3-brane to go back to the initial conhguration corresponds to 
turning on an FI term with coupling r] oc Ax^ > 0 in the SQM, where Ax^ is the diherence of the 
positions along x^ between the left NS5-brane and the Dl-branes. 

Alternatively, we can describe the operator 14 as a deformation of a conhguration where the 
Dl-branes end on the NS5-brane on the right. Following the same steps as before we reach the brane 
conhguration of hgure 21, and we hnd a description of the infrared loop operator 14 as a diherent 
coupling of the same Id A/" = 4 quiver gauge theory to T[SU{2)]. Now the U{1)~^ havor symmetry 
acting on the fundamental chiral multiplet is gauged with the 3d A/" = 4 (7(1) vector multiplet of 
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Figure 20: Brane configuration after moving the Dl-branes on top of the left NS5-brane, as described in the text, and 
the quiver description of the 3d/ld gauge theory. An arrow arriving to (resp. leaving) a node denotes a fundamental 
(resp. anti-fundamental) chiral multiplet for that node. This 3d/ld defect theory describes the loop operator dual to 
the abelian Wilson loop in the mirror T[SU{2)] theory. 


T[SU{2)], and the U{1)~ flavor symmetry acting on the anti-fundamental chiral multiplet is identified 
with the U{1) flavour symmetry acting on the 3d hypermultiplet in T[SU{2)] associated to the right 
D5-brane. The operator 14 is described by the coupled 3d/ld theory summarized by the mixed 3d/ld 
quiver diagram in 21. In the initial configuration (figure 19-c) the Dl-branes end on the D3-branes 
instead of the right NS5-brane. The deformation corresponding to moving the Dl-branes along the 
D3-brane to go back to the initial configuration corresponds to turning on a negative FI parameter 
T] oc Ax^ < 0 in the SQM, where Ax^ is the difference of the positions along x^ between the right 
NS5-brane and the Dl-branes. 



Figure 21: Alternative 3d/ld defect theory, read by moving the Dl-branes to the right NS5-brane. 


We conclude that there are two different UV descriptions of the operator 14 mirror dual to the 
charge k Wilson loop Wk in T[417(2)]. In section 5.6 we explicitly show that the exact expectation 
value of Vk on computed using the two different UV definitions define the same operator and in 


31 

































section 5.4.1 that it matches the exact expectation value of Wk under the exchange of mass and FI 


parameters 

{Wk) {Vk). (4.1) 

We can also consider the Vortex loop operators realized by Dl-branes ending on the D3-brane to 
the left or to the right of the two D5-branes. The corresponding 3d/ld quivers realizing these Vortex 
loops can be read by moving the Dl-branes on top of the NS5-brane on the right, as shown in hgure 
22, or on the left. We analyze the mirror of such Vortex loop operators for the general T[SU{N)] 
theory in section 4.2. They are mirror to flavour Wilson loops (see discussion around equation (4.7)). 



Figure 22: Brane realizations of other T[SU{2)] Vortex loops and associated 3d/ld quiver theory read by moving 
the Dl-branes to the right NS5-brane. a) Vortex loop realized with Dl-branes placed to the right of the D5-branes. 
b) Vortex loop realized with Dl-branes placed to the left of the D5-branes. 


4.2 Wilson Loops In The U{N - 1) Node Of 

We now turn to Wilson loops in a non-abelian gauge theory. We start with Wilson loop operators in 
the U{N — 1) node of the self-mirror T[SU{N)] theory. As we shall see, a Wilson loop for this (last) 
node maps directly to a single Vortex loop operator, described by a specihc 3d/ld gauge theory that 
we construct. Later we show that the expectation value of a Wilson loop operator in another node 
in T[SU{N)] maps under mirror symmetry to a specihc combination of Vortex loop operators. 

We start by considering a Wilson loop in the /c-symmetric representation of U{N — 1), which we 
denote by The brane realization of this Wilson loop insertion comprises the D3-NS5-D5 
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system realizing the T[SU{N)] theory in hgure 17 with k additional Fl-strings stretched between 
the N — 1 D3-branes supporting the U{N — 1) node and an extra D5-brane away from the stack, as 
depicted in hgure 23-a. We are free to place the Fl-strings anywhere relative to the N D5-branes 
that intersect the D3-branes, as this results in the same Wilson loop operator in the IR. 

The mirror dual loop operator to is obtained by analyzing the S-dual conhguration (hgure 

23-b), where we have reversed the direction for convenience.^^ First we move the D5-branes in 
the direction of D3-brane excess to reach the T[SU{N)] brane conhguration, now enriched with k 
Dl-branes stretched between the N — 1 D3-branes associated to the U{N — 1) node and an extra 
NS5-brane far away from the stack (see hgure 23-c). The Dl-branes are positioned with one D5 to 
their left and N—1 D5-branes to their right. This hnal conhguration is the same irrespective of where 
the original Fl-strings were placed relative to the D5-branes. In order to reach this conhguration we 
are careful not to let D5-branes cross the Dl-branes in the rearrangement, since this would ahect 
the infrared theory living on the Dl-branes. This is S-dual to the statement that we do not let 
Fl-strings move across NS5-branes, as this clearly changes the Wilson loop inserted. The position 
of the Dl-branes relative to the D5-branes is crucial in determining the Vortex loop operator just 
as the position of the Fl-strings relative to the NS5-branes is crucial in determining the Wilson 
loop operator. On the other hand, we let the Dl-branes move freely across an NS5-brane when the 
number of D3-branes is the same on both sides of the NS5-brane. This is S-dual to the fact that 
Fl-strings can be freely moved across D5-branes when the number of D3-branes is the same on both 
sides of the D5-branes. We denote the loop operator dehned by the S-dual brane conhguration by 
V/v-i, 5 fc, where the subscript iV — 1 encodes the number of D5-branes to the right of the Dl-branes. 


a) 


Lx, 


# D5 

(k) 


D5 


NS5 (N-1) 



c) 


(N-1) 



Figure 23: a) Brane configuration realizing a Sk Wilson loop in T[SU{N)]. b) S-dual brane configuration, shown in 
a different orientation (in particular the orientation is reversed), c) Brane configuration after D5-brane rearranging, 
realizing a 3d/ld defect theory. 


The coupled 3d/ld theory living on the hnal brane conhguration can be read again in two ways, 
depending on which of the nearby NS5-branes we let the Dl-branes end, as explained in section 
3.2. One possibility is to move the N — 1 D5-branes to the right and let the Dl-branes end on the 
NS5-brane on their right as shown in hgure 24-a. The associated Id A/" = 4 gauge theory is a U{k) 

^^This extra reflection allows us to bring the branes (in the absence of FI or Dl) back to their initial configuration, 
showing that the theory T[SU{N)] is self-mirror. 
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vector multiplet, with an adjoint chiral multiplet, N — 1 fundamental and — 1 anti-fundamental 
chiral multiplets. This Id A/” = 4 theory is captured by the Id part of quiver diagram in 24-a. 

The way the Id gauge theory couples to the 3d T[SU{N)] theory is also captured by the brane 
conhguration in hgure 24-a. The U{N — 1) flavour symmetry rotating the fundamental chirals is 
gauged with the 3d U{N—1) vector multiplet symmetry and the U{N—1) symmetry rotating the anti¬ 
fundamental chirals is identihed with the U{N — 1) flavor symmetry acting on the 3d hypermultiplets 
associated to the iV — 1 D5-branes. In order to describe the actual operator Vjv-i, 5 fe the Id TV = 4 
gauge theory must be deformed with a negative FI parameter. The coupled 3d/ld description of the 
Vortex loop operator mirror to is captured by the quiver diagram in hgure 24-a. 

Another description of can also be read from the conhguration where the Dl-branes end 

on the nearest NS5-brane to their left, with the (single) leftmost D5-brane pushed to the left of 
that NS5-brane. The Id A/" = 4 gauge theory living on the Dl-branes is the same as before, but 
the way it couples to T[SU{N)] is rather diherent. The U{N — 1) havour symmetry rotating the 
anti-fundamental chirals is gauged with the 3d U{N — 1) vector multiplet. The U{N — 1) havour 
symmetry rotating the fundamental chirals is broken to U{N — 2) x U{1). The U{N — 2) havour 
symmetry is gauged with the 3d U{N — 2) vector multiplet and the remaining 17(1) havour symmetry 
is identihed with the 17(1) havor symmetry acting on the 3d hypermultiplet associated to the leftmost 
D5-brane. Now, the Id A/" = 4 gauge theory has to be deformed with a positive FI parameter as the 
Dl-branes end to the right of the reference NS5-brane. The coupled 3d/ld description of the Vortex 
loop operator V^-i^Sk i^hror to is captured by the quiver diagram in hgure 24-b. 



Figure 24: a) Brane configuration with Dl-branes ending on the right NS5 and associated 3d/ld defect gauge theory, 
b) Brane configuration with Dl-branes ending on the left NS5-brane and associated dual defect theory. 
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In summary, we obtain the following mirror map of loop operators in T[SU{N)] theory 




mirror 

- 




(4.2) 





Figure 25: Brane configuration with k Dl-strings ending on a single D5’-brane and associated left and right 3d/ld 
quivers. 

The situation is almost the same if we start with a Wilson loop in the fc-antisymmetric repre¬ 
sentation of U{N — 1), which we denote by In this case the Wilson loop in realized with 

k Fl-strings stretched between an extra D5’-brane and the N — 1 D3-branes. After S-duality and 
brane rearranging we obtain the same brane conhguration as in hgure 23-c, except that Dl-branes 
end on an NS5’-brane instead of a NS5-brane. The two possible 3d/ld defect theories describing 
the mirror loop operator, which we denote by are given in hgure 25. They are the same 

as in hgure 24, except that there is no adjoint chiral multiplet in the SQM. In this case we get the 
following duality map 

(<-‘l) (4.3) 

In section 5.4 we explicitly show by computing the exact expectation value of these loop operators 
on that (4.2) and (4.3) hold under the exchange of mass and FI parameters. 

The case of the Wilson loop in a tensor product of symmetric and anti-symmetric representations 
TZ = Ai(b) of U{N — 1) in T[SU{N)] is analogous. We denote such a Wilson loop 

by As explained in section 3.2, the Wilson loop insertion is realized with a collection of d 

D5-branes and d' D5’-branes, with Fl-strings suspended between the N — 1 D3-branes and the 
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a-th D5-brane, and Fl-strings suspended between the N — 1 D3-branes and the 6-th D5’-brane. 
The case d = d' = 2 is displayed in hgure ^-a. After S-duality and D5-brane moves, we obtain 
a conhguration with d NS5-branes and d' NS5’-branes, with Dl-branes suspended between the 
N — 1 D3-branes and the a-th NS5-brane, and with Dl-branes suspended between the N — 1 
D3-branes and the 6-th NS5’-brane, realizing the mirror dual loop operator, which we denote by 
Vn-i,-r- III the initial conhguration, the relative positions of the D5-branes and D5’-branes in the 

direction were irrelevant for the insertion of the Wilson loop operator. In the S-dual picture, the 
positions of the NS5-branes and NS5’-branes along the x® direction are important, since they affect 
the Id W = 4 gauge theory living on the Dl-branes. The brane picture, however, implies that all the 
possible 3d/ld defect held theories obtained from picking diherent orderings of the NS5 and NS5’ 
brane positions along x® direction are equivalent/dual descriptions of the loop operator In 

section 5.3.2 we provide some explicit evidence that these are indeed dual descriptions of the same 
operator by computing the exact partition function on of the 3d/Id defect theories capturing 
{Vn-i,ti) and showing that they are the same. 

The 3d/ld defect theories describing the resulting Vortex loop Vn-i,^ can be read from the rules 
of section 3.2 by moving the Dl-branes to the closest NS5 on the left or on the right. The example 
of the Vortex loop associated to the representation IZ = Si^n) ® Sf.( 2 ) ® ^^(i) ® Ai{ 2 ) with a specihc 
ordering of the NS5/NS5’-branes along x® is worked out in hgure 26-b. 



Figure 26: a) Brane configuration inserting a Wilson loop in the 5 ^,( 1 ) ( 8 )iSj,( 2 )( 8 )A;(i)®A;( 2 ) representation of t/(iV— 1 ). 
b) S-dual brane configuration with Dl-branes ending on the right NS5-brane and associated dual 3d/ld defect theory 
with U{ni) X 1 /( 712 ) X U{n^) x Uirn) SQM. The ranks are ni = fcF) ^ = fc(i) _|_ = /j(i) _j_ ^( 2 ) _|_ ^(i)^ 

714 = W)+fcF)+hi)+ZF). 


In summary, we obtain the following mirror map of those loop operators in T[S'6/(A/)] theory: 


(<-') 


mirror 

^ 


(k7V-l,7^) • 


(4.4) 
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We have found that the mirror of a Wilson loop labeled by a representation of the U{N — 1) node 
is a Vortex loop operator labeled by the same representation. We now turn to the more involved 
case of a Wilson loop in a representation of another gauge group factor in T[5'17(iV)]. 

4.3 The Other T[SU{N)] Loops 

We proceed now with constructing the mirror map for the remaining loop operators in T[SU{N)]. 
This includes the Wilson loop operators in the other nodes of T[SU{N)]. As explained in section 
3.2 it is easier to describe the mirror map starting from the brane conhguration realizing Vortex 
loops and going to the S-dual picture with Fl-strings realizing the mirror Wilson loops. In the brane 
realization, dehning a Wilson loop requires specifying the location of the Fl-strings relative to the 
NS5-branes and a representation TZ. Likewise, a Vortex loop is specihed by the location of the Dl- 
branes relative to the D5-branes and by a choice of representation TZ of the gauge group supported 
on the D3-branes where the Dl-branes end. 

In the T[SU{N)] theory we have Vortex loops labeled by a representation TZ of the U{N — 1) 
gauge node, which are realized with Dl-strings ending on the N — 1 D3-branes supporting that 
gauge group factor. As just discussed, the relative position of the Dl-branes along the direction 
relative to the D5-branes is important. In the brane realization of T[SU{N)], there are N D5-branes 
crossing the N — 1 D3-branes, giving rise to the N fundamental hypermultiplets of the U{N — 1) 
node. Each U{N — 1) Vortex loop is characterized by a splitting of the N hypermultiplets into 
N = M + {N — M) and corresponds to the arrangement where the Dl-branes have M D5-branes 
to their right and N — M D5-branes to their left. Thus, the data characterizing a U{N — 1) Vortex 
loop is a representation TZ of U{N — 1) and an integer 0 < M < V. We denote such a Vortex loop 
by VM,n- These operators admit a description in terms of a Id A/" = 4 quiver gauge theory coupled 
to T[S'17(V)], which is shown in hgure (27-a) for the case when the the Dl-branes are moved to be 
on top of the closest NS5-brane to their right. As already explained in section 4.2 the Vortex loop 
operator Vv-l, 7 ^ gets mapped under mirror symmetry to a Wilson loop in a representation 

TZoiU{N -1). 

This does not exhaust the Vortex loops that can be dehned in T[5'f/(V)]. There are Vortex loop 
operators in T[SU{N)] realized by Dl-strings ending on the p D3-branes supporting the U{p) gauge 
group factor, with 1 < p < N — 2. Since there are no fundamental hypermultiplets for this gauge 
group factor, and correspondingly no D5-branes crossing the D3-branes supporting the U{p) gauge 
group factor. Vortex loop operators in a t/(p) node are simply labelled by a representation TZ of U{p). 
We denote them by with 1 < p < V — 2. These operators admit a description in terms of a Id 
A7 = 4 quiver gauge theory coupled to T[S'17(V)], which is shown in hgure (27-b) for the case when 
the Dl-branes are moved to be on top of the closest NS5-brane to their left. 

Let us start by considering a Vortex loop operators VM,n with 0 < M < N — 1. The case 
will be analyzed when discussing the Vortex loop operators which whom they share a similar 
physical mirror interpretation. An operator VM,n is realized by k Dl-branes with N—M D5-branes on 
their left and M D5-branes on their right and ending on the N — 1 D3-branes supporting the U{N — 1) 
gauge node on one end and on a number of NS5 and NS5’-branes on the other end. k denotes the 
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a) b) 




Figure 27: a) 3d/ld quiver description of Vortex loop Vm^u- Here it is derived by moving the Dl-strings to the right 
NS5-brane. b) 3d/ld quiver description of Vortex loop V^\ derived by moving the Dl-strings to the left NS5-brane. 

total number of boxes in the Young tableau associated to the representation 77, which we also denote 
by |77|. Finding the mirror loop operator requires performing S-duality on the brane conhguration 
(followed by a left-right reflection). The resulting conhguration with Fl-strings is shown in hgure 
(28-b). In order to reach the canonical brane conhguration of the mirror T[SU{N)] theory, one has 
to move the D5-branes until they all lie between the two rightmost NS5-branes. However, except for 
the conhguration realizing studied in the previous section, a D5-brane (the leftmost one) has 

to cross the Fl-strings in this process. After this exchange, the number of D3-branes at the bottom 
of the Fl-stack decreases. As explained earlier, when a D5-brane crosses the stack of k Fl-strings, 
q < k oi them can be moved smoothly from ending on the D3-branes to ending on the D5-brane. 
Intuitively this is possible since the D5-brane has a D3-brane spike and the Fl-strings can be moved 
smoothly far from the main brane conhguration along this spike. In the hnal brane picture shown in 
hgure (28-c) for 0 < M < Y — 1, the k original Fl-strings are split into k strings ending on the M 
D3-branes supporting the U{M) gauge group factor and q strings ending on the leftmost D5-brane, 
such that k = k + q Such a brane conhguration realizes a Wilson loop in a representation 77 of 
U{M), which we denote by where |77| = k, together with a Wilson loop of charge q under the 

7/(1) havor symmetry rotating the Y-th hypermultiplet (associated to the leftmost D5-brane), that 
we denote by 

There are multiple ways of partitioning the k Fl-strings into k strings ending on the D3-branes 
and q Fl-branes attached to the leftmost D5-brane. We propose that the mirror of Vm,'r, with 
0<M<Y — lis obtained by summing over the Wilson loops of the mirror dual theory realized by 

"^^The orientation of the Fl-strings stretched between the D5/D5’ away from the main stack and the leftmost D5 
seem to break the supersymmetry of the conhguration, however this is not the case in the limit when they are sent far 
away along the transverse directions. 
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Figure 28: a) Brane configuration inserting a Vortex loop Vm, 7 ?, ■ b) S-dual brane configuration with Fl-strings. 
c) Configuration after moving the D5-branes. Straight strings, ending on D3-branes realize Wilson loops. The other 
strings, which are also straight despite their pictorial representation, ending on the left D5-brane, are away from the 
main configuration and realize flavor Wilson loops. 

all the possible final brane configurations consistent with the s-rule. 

Our remaining task is to determine the precise sum over Wilson loops and the representa¬ 

tions TZoiU(M) that appear in the mirror of Vm,'r, ■ In section 3.1 we considered brane configurations 
realizing Wilson loops with Fl-strings ending on D3-branes on one end and on a set of D5 and D5’- 
branes on the other end. We argued that the set of patterns of Fl-strings ending on N D3-branes are 
in one-to one correspondence with the weights of a representation of U{N) associated to the Wilson 
loop realized by the brane configuration. The same identification holds for Dl-branes ending on 
D3-branes realizing a Vortex loop. More explicitly, a given weight w = {wi, W 2 , ■ ■ ■ ,wn) corresponds 
to a pattern of strings (both for FI and Dl’s) where Wi strings end on the Fth D3-brane in the stack. 
The expectation value of a loop operator, irrespective of whether it is a Wilson loop or a Vortex loop, 
is obtained by summing over all weights, including degeneracies, which in the case of the Vortex loop 
are in one-to-one correspondence with the vacua of the corresponding Id A/” = 4 SQM that realizes 
the Vortex loop. In the brane language, this means summing over the string patterns allowed by the 
brane realization. This physical picture will be made rather explicit in section 5.3 when we evaluate 
the exact Id W = 4 SQM partition function describing a Vortex loop. 

After these preliminaries we can now keep track of what happens to a single-weight pattern for 
the Vortex loop Vm,ti associated to a weight w = {wi,W 2 , ■ ■ ■ ,wn-i), where Wj Dl-strings end on 
the j-th D3-brane, as we go to the mirror dual brane configuration. Implementing F-duality and 
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moving the D5-branes as explained, we find the situation where the leftmost D5-brane crosses the 
stack of Fl-strings. A total of — 1 — M D3-branes at the end of the Fl-strings disappear in the 
process of exchanging the branes, and the Fl-strings that are ending on them get attached to the 
D5-brane. Labelling the D3-branes that disappear by j = M -|- 1, • • ■ , — 1, we find that a total 

of g = wm +1 + wm +2 + ■ ■ ■ + wn -1 Fl-strings get attached to the D5-brane. Therefore, the final 
brane configuration realizes a charge q U{1) flavor Wilson loop together with a.w = {wi, W 2 , • • • , wm) 
single-weight contribution to a Wilson loop associated to the remaining Fl-strings ending on the M 
D3-branes supporting the U (M) gauge node. Enumerating all the final patterns associated to all the 
weights w of TZ, we find that they realize the weights of all the representations (q, 7?.), counted with 
degeneracies, appearing in the decomposition of the representation IZ of U{N) under the subgroup 
U{1) X U{M), where U{M) is embedded as U{M) xU{N — M — l) C U{N — 1) and U{1) is embedded 
diagonally in U{N — M — 1). 

Our mirror symmetry prediction is therefore that the vortex loop Vm,^ gets mapped to the sum of 
combined gauge and flavor Wilson loops with the sum running over the representations 

(q,appearing in the decomposition of the representation IZ under the subgroup U{1) x U{M) of 
U{N — 1), where U{M) is embedded as U{M) x U{N — M — 1) G U{N — 1) and U{1) is embedded 
diagonally in U{N — M — 1). In formulas 

U{N -1) U{1) X U{M) 

TZ ^(qs,7^s), (4.5) 

sG Am 

where denotes the set of representations (q, TZ) in the decomposition of TZ counted with degen¬ 
eracies. Our mirror map is therefore 


(Ymji) 


mirror 

^ 



0 < M < A- 1, 


(4.6) 


Pleasingly, this map is reproduced in examples in the exact computations of section 5.4.^® The 
Vortex loop is special: it is mapped to a pure flavor Wilson loop. 

Let us now conclude with the mirror map for the Vortex loops and V)v, 7 ^ , which is qualitatively 
different to the one for VM,n with 0 < M < N — 1. Let us consider the Vortex loop V^\ which is 
realized with k Dl-branes ending on the p D3-branes supporting the U{p) gauge node on one end 
and on a number of NS5 and NS5’-branes on the other, as shown in figure (29-a). Here k = \TZ\ is 
again the total number of boxes in the Young tableau associated to the representation TZ of U{p). In 
order to find the mirror loop we perform once again S-duality on this brane configuration (together 
with an reflection). The resulting configuration with Fl-strings is shown in figure (29-b). In 
order to reach the canonical brane configuration of the mirror T[5'[/(A)] theory, one has to move 
the D5-branes. In the process p out the N D5-branes have to cross the stack of Fl-strings from 

“^^More precisely, this map between loop operators is found after reabsorbing some signs into imaginary shifts of 
parameters associated with the flavor Wilson loop (see section 5.4.4). 
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the right, after which there are no more D3-branes at the bottom of the initial Fl-stack. Therefore, 
all Fl-strings got attached to these p D5-branes and have been moved away from the main brane 
conhguration along them. This means that the hnal brane conhgurations are characterized by having 
the k Fl-strings ending on the p D5-branes on one side and on the D5 and/or D5’ branes on the 
other side, as in hgure (29-c). We interpret this conhguration as realizing a non-abelian Wilson loop 
in the representation TZ of the U{p) havor symmetry acting on the p hypermultiplets associated to 
the p D5-branes, which we denote Therefore, the mirror map is 

(vl”’) l<p<]V-2. (4.7) 

Likewise, the Vortex loop VN,n is niirror to a U{N — 1) Favour Wilson loop 

{V^,n) (4.8) 



Figure 29: a) Brane configuration inserting a Vortex loop . b) S-dual brane configuration, c) Configuration 
after moving the D5-branes. The Fl-strings all end on D5-branes realizing pure flavor Wilson loops. 

This concludes our explicit analysis of the mirror map between the loop operators of the self mirror 
T[^V(iV)] theory. 

The inverted map, that is the map from Wilson loops to Vortex loops, can be worked out from 
the above relations. It relates each Wilson loop to a combination of Vortex loops. Let us provide here 
some illustrative examples. The mirror maps (4.6) relating the Vortex loops V]\f_2,Sk ^^*4 VN-2,AkJ 
labeled by the fc-(anti)symmetric representation of U{N — 1), to the Wilson loops of the U{N — 2) 
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node of the mirror T[SU{N)] theory, predicted from the brane picture, are 


\fc=0 / 

. ( 4 . 10 ) 

(Va,_2a-<i W_2A-.>. (4.11) 

/^(_l)«»^«^_.l/„_,__,\, (4.12) 

\ k=0 / 

It is tempting to try to derive these relation directly from the brane picture. This would necessitate 
new rules constraining the brane moves which are rather ad hoc. It could be interesting to pursue 
this. 

We have found an explicit map relating Vortex loop operators to gauge and flavor Wilson loop 
operators. We will check these predictions by exact computations of the expectation value of the 
loop operators on in section 5.4. 

4.4 Loops And Mirror Map In Circular Quivers 

Our prescription to derive the mirror map of loop operators described in section 3 is used here to 
hnd the mirror map for loop operators in 3d A/" = 4 gauge theories described by circular quivers with 
equal ranks. The brane realization of this class of quivers is special: after performing S-duality, the 
branes are already in the canonical brane conhguration and no Hanany-Witten moves are required 
to derive the mirror quiver gauge theory. This immediately implies that a Wilson loop labeled by a 
representation 71 of the gauge group directly maps to a Vortex loop labeled by the same representation 
71, and not to a sum of Vortex loop operators. 

For concreteness, let us consider the circular quiver in figure 30-a, which has two U{N) gauge 
group nodes U{N)a x U{N)h and L >2 fundamental hypermultiplets of U{N)h.^^ The mirror dual 
quiver is easily found by acting with S-duality and is shown in figure 30-b. It has gauge group 
n..i u(N), and two fundamental hypermultiplets of U{N)l. 

Let us hrst consider a Wilson loop labeled by a representation 7Z of U{N)a, which we denote by 
This is realized by the brane conhguration in hgure 31-a, where Fl-strings emanate from extra 
D5 and/or D5’-branes far away from the main stack and end on the N D3-branes supporting the 
U{N)a gauge node. After S-duality the brane conhguration is already in its canonical form to read 
the mirror quiver theory. The Fl-strings become Dl-branes lying between the two D5-branes and 

> 2 is required for the UV gauge theory to flow to an irreducible SOFT in the IR. 


/T 7- \ mirror 

(VW-2a) ^1 


/tt- \ mirror 

{Vn-2,a,) < -^ 

Inverting these relations one obtain 




y^U{N-2)\ ^ mirror ^ 

■^k / 
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Figure 30: a) U{N)a x U{N)b circular quiver described in the text and its canonical brane configuration, b) Mirror 
dual circular quiver and brane configuration. 


ending on the N D3-branes supporting the the U{N)l node. This conhguration realizes a Vortex 
loop where the index 1 corresponds to the splitting of the two fundamental hypermultiplets 

of U{N)l into 2 = 1 + 1 and TZ is now seen as a representation of U{N)l. The operator can 
be described by a coupled 3d/ld theory which when the Dl-branes are moved on top of the nearest 
NS5-brane to their left is summarized by the mixed 3d/ld quiver diagram in 31-a. The choice of 
representation 71 is encoded in the Id A/" = 4 quiver gauge theory that is coupled to the 3d theory, 
as explained in section 3.2. 

We now consider a Wilson loop labeled by a representation 7Z of U{N)b, realized by the 
brane conhguration of hgure 31-b. Here we can choose to position the Fl-strings so that m D5-branes 
are to their left and L — m D5-branes are to their right. We note that the choice of m G {0,1, ■ ■ ■ , T} 
does not affect the Wilson loop realized by the Fl-strings. S'-duality maps this setup to a brane 
conhguration with Dl-branes ending on the N D3-branes realizing a Vortex loop labeled by 
the same representation 71 for the U{N)m node, for m = 1, • • ■ ,L — 1. For m = 0 and m = L 
S-duality produces the Vortex loop operators and labeled by a representation 7Z of U{N)l, 
and where the indices 0 and 2 refer to the remaining hypermultiplet splittings 2 = 0 + 2 = 2 + 0. 
The operator can be described by a coupled 3d/ld theory, which when obtained by moving the 
Dl-branes on top of the nearest NS5-brane to their left, is summarized by the mixed 3d/ld quiver 
diagram in hgure 31-b (for m = 2). We leave as an exercise for the interested reader to identify the 
the 3d/ld quiver theories describing and 

When giving a brane description of the Wilson loop we had a choice of where to insert the 
Fl-strings relative to the D5-branes, a choice that does not ahect the choice of Wilson loop. This 
arbitrariness has an interesting counterpart in the mirror dual theory. Diherent choices of m result in 
diherent 3d/ld quiver gauge theories that describe the same mirror Vortex loop operator in the IR. 
These are dual descriptions of the same IR operator and are akin to the hopping duality introduced 
in [21] (see also [8]) in the context of surface operators in 4d A/" = 2 gauge theories. 
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Figure 31: a) Brane realization of W^\ S-dual brane configuration and 3d/Id defect theory realizing the dual loop 
The details of the D5/D5’ (NS5/NS5’) array far from the main stack and the precise SQMy associated to TZ 
are left unspecified, b) Idem for the Wilson loop and the dual Vortex loop V-j^\ with m = 2. 

In summary, we find the following mirror maps 

(hS) 

(ff”’) = (h‘S) = (hS) , m = 1, ■ ■ ■ . i - 1. (4.13) 

The mirror map between Vortex loops of the initial quiver in hgure 31-a and Wilson loops of the 
mirror quiver in 31-b can be found in the same way. The two-node quiver has Vortex loops 
in the U{N)a node and in the [/(V)^ node, with m denoting the splitting of hypermultiplets 
L = m + {L — m) for m = 0, ■ ■ ■ , L. The L-node quiver has Wilson loops in the U{N)m node, 

with m = 1, • • ■ ,L. The brane realizations of these loop operators are easily mapped under S-duality, 
as in the example of hgure 32. The precise mirror map is 

(vF) = (c®) = (c/i) .=34 

4=4 , m = 1,... , L - 1. (4.14) 

We hnd once again that some Vortex loops have inequivalent descriptions, predicting hopping dual¬ 
ities for the associated 3d/Id theories. 

Other circular quivers with nodes of equal rank and arbitrary number of fundamental hypermul¬ 
tiplets in each node can be treated similarly, leading to explicit maps between loop operators labeled 
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Figure 32: a) Brane realization of W^\ 
for m = 2. 


S-dual brane configuration and 3d/Id defect theory realizing the dual loop 


by the same representation 7Z. For circular quivers with varying ranks, one has to rely on the more 
elaborate analysis presented in section 3.2, which still results in explicit mirror maps between loop 
operators very similar to those in section 4.3. 

4.5 Loops In SQCD with 2N Quarks And Its Mirror 

For our hnal example we consider 3d A/" = 4 SQCD, with U{N) gauge group and 2N fundamental 
hypermultiplets, which is the smallest number of fundamental hypermultiplets {Nf > 2Nc) required 
for SQCD to flow in the IR to an irreducible SCFT. The quiver diagram and brane realization of 
this theory is given in hgure 33-a. 



Figure 33: a) Quiver and brane realization of the U{N) theory with 2N fundamental hypermultiplets. b) Mirror 
theory and brane configuration. 

This theory has Wilson loops W-ji, labeled by a representation 71 of U{N) and Vortex loops 
labeled by a representation 71 of U{N) and a splitting 2N = M + {2N — M) of the fundamental 
hypermultiplets. The brane realization and corresponding 3d/ld quiver representation of Vm^ti are 
shown in hgure 34-a. As before, the choice of representation 7Z is encoded in the Id A/" = 4 quiver 
gauge theory that is coupled to the 3d theory, as explained in section 3.2. 
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The mirror theory is shown is figure 33-b. It is a quiver with gauge group 11^^=/ U{n)a x U{N) 
X U{n)b with two fundamental hypermultiplets in the U{N) node. The indices a and b distin¬ 

guish the nodes on the left and on the right of the central node of the quiver. This theory has Wilson 
loops in the U{n)a nodes, in the U{N) node and in the U{n)b nodes. We denote 

the Vortex loops of this mirror theory by and for the loops coupled to the U{N)a and 

U{N)b nodes and Vq^, Vortex loops of the central U{N) node, labeled by a splitting 

of the two fundamental hypermultiplets (2 = 0-|-2 = l-|-l = 0-|-2 respectively). We show the brane 
realization and associated 3d/ld quiver for the Vortex loop in figure 34-b. 



Figure 34: a) Brane realization of a Vortex loop VM,n in the U{N) theory and associated ‘right’ 3d/ld quiver, b) 
Idem for a Vortex loop of the mirror theory. 

We now derive the mirror maps using the brane picture. Consider first the Wilson loop ITt^ of the 
SQCD theory. It is realized with Fl-strings ending on the N D3-branes supporting the U{N) gauge 
group, placed among the 2N D5-branes at our convenience. We choose to place the strings with N 
D5-branes on each side. After S-duality and D5-brane rearrangements, we end up with Dl-branes 
ending on the N D3-branes supporting the central U{N) gauge node of the mirror theory, placed 
between the two D5-branes. This is summarized in figure 35. This configuration realizes the vortex 
loop Vi^Ti, which is labeled by the same representation TZ of U{N) as the initial Wilson loop. The 
mirror map is then simply 

{Wn) (h?). (4.15) 

Consider now a Vortex loop Vm^tz of fhe SQCD theory and assume M < N . The loop is realized 
with Dl-branes ending on the N D3-branes, with M D5-branes on its right and 2N — M D5-branes 
on its left. After S-duality (and reflection), we end up with the configuration in figure 36-b. The 
D5-brane on the left of the picture has to be moved across the Fl-strings. This is the same situation 
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Figure 35: a) Brane realization of a U{N) Wilson loop Wn. b) S-dual brane configuration with Dl-branes (and 
reflection), c) After D5-brane moves the Dl-branes end on the N D3-brane supporting the central U{N) node of the 
mirror theory and are placed between the two D5s, realizing the Vortex loop . 


as encountered when studying T[S'[/(iV)] Vortex loops. When the D5 crosses the Fl-strings the 
number of D3-branes at the bottom of the strings diminishes and part of the strings get attached to 
the D5-brane. The hnal brane conhgurations have Fl-strings ending on the M D3-branes supporting 
the U{M)a gauge node and Fl-strings ending on the left D5-brane, as in hgure 36-c. They realize 
Wilson loops in the U{M)a node, together with flavor Wilson loops of charge q under 

the U{1) flavour symmetry rotating the hypermultiplet associated to the left D5-brane, where the 
representation (q, TV) appears in the decomposition of the representation TZ under the subgroup 
U{1) X U{M) of f/(V), where U{M) is embedded as U{M) x U{N - M) C U{N) and U{1) is 
embedded diagonally in U{N — M). 

Following the arguments that we presented for the T[SU{N)] loops in 4.3, we arrive at the explicit 
mirror map 




mirror 

^ 



0 < M < V, 


(4.16) 


where Am denotes the set of representations (q, TZ) in the decomposition of 7Z under U (iV) — 
(7(1) X U{M), counted with degeneracies. This is completely analogous to the mirror maps found 
for the T[5'(7(V)] theory. 




C) 


F1 


F1 



Figure 36: a) Brane realization of the Vortex loop Vm^tz with M < N. h) S-dual brane configuration with Fl-strings 
(and —)■ —x^). c) After D5-brane moves, part of the strings end on the left D5 (flavor Wilson loop) and the other 
strings end on the M D3-branes supporting the U{M)a node (gauge Wilson loop). 
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The map relating the Vortex loops Vm,^ with M > N to combinations of Wilson loops 
is found similarly, with hh^q denoting a flavor Wilson loop of charge q under the U{1) flavour 
symmetry rotating the hypermultiplet associated to the right D5-brane this time. Note that the 
‘central’ Vortex loop V/v, 7 ^ is directly mapped to the Wilson loop of the central node of the 

mirror theory: 

{V„.u} (^r). (4.17) 

The only loops we did not discuss thus far are the Vortex loops of the U{n)a and 

U{n)h nodes of the mirror theory, and the Vortex loops of the central U{N) node, which 

can be naturally renamed as and respectively. The analysis of the brane realization of 

these loops is the same as for the Vortex loops of the T[S'f/(iV)] theory (see section 4.3) and 
lead to the conclusion that these loops are mapped to flavor Wilson loops. In particular 

, >1 = 1. ■ ■ ■ , IV, (4.18) 

= (<(„v,r) . n = l,....iV. (4.19) 

where U{n)F is the flavor group acting on the n hypermultiplets associated to the n leftmost D5- 
branes, U{ 71)^1 is the flavor group acting on the n hypermultiplets associated to the n rightmost 
D5-branes and ^ denotes a flavor Wilson loop in the representation IZ of U{n). 

This completes the derivation of the mirror map between the loops of the U{N) theory with 2N 
fundamental hypermultiplets and its mirror dual. The analysis generalizes easily to the U{N) theory 
with Nf > 2N fundamental hypermultiplets. 

5 Loop Operators In 3d A/^ = 4 Theories On S3 

In this section we provide explicit quantitative evidence for our proposed action of mirror symmetry 
on loop operators by computing the exact expectation value of supersymmetric loop operators on 

in 3d = 4 gauge theories. We confirm our proposal for the action of mirror symmetry on loop 
operators by showing that the expectation value of mirror loop operators match perfectly and indeed 
give alternative UV descriptions of super conformal line defects in the IR SCFT. 

Our hrst task is to define these observables in A/" = 4 theories on S^, where exact computations 
can be performed by supersymmetric localization. Recall that in the UV Lagrangian definition 
of a 3d A/" = 4 SCFT is invariant under those supercharges in OS'p(4|4) that close into the isometries 
of flat space, which generate the 3d A/" = 4 super-Poincare algebra.^^ While an A/" = 4 SCFT can 
be placed canonically on the round by stereographic projection, its UV Lagrangian description 
likewise breaks OSp{4\4) to a subalgebra, which we now identify. On S^, the supersymmetries of a 
generic UV (massive) 3d A/" = 4 theory are generated by the supercharges in 05^(414) that close into 

Super-Euclidean in R^. 
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the SU{2)i X SU{2)r isometries of S'^ and project out the remaining S'0(4, 1) conformal generators 
on S'^. Since we allow arbitrary massive deformations, and mass and FI parameters transform in 
the (3,1) and (1,3) representations of SU{2)c x SU{2)h, the R-symmetry in OSpi^^A) is broken 
down to its Cartan subalgebra on S'^. Under the SU{2)i x SU{2)r x f/(l)c x U{1)h embedding in 
S'0(4,1) X SU{2)c X SU{2)h, the supercharges generating 05^(414), which transform in the (4, 2, 2), 
decompose as (2,1)++ © (2, l)+_ © (2,1)_+ © (2,1)__ © (1, 2)++ © (1, 2)__ © (1, 2)_+ © (1, 2)__. 

The supersymmetries preserved by a UV 3d A/" = 4 theory on are (2,1)++ © (2,1)_© (1, 2)+_ © 

(1, 2)_+. These supercharges generate the following supergroup®^ 

SU{2\l)iX SU{2\l)r. (5.1) 


The U{l)i generator in SU{2\l)i is Rq + Rh while the U{l)r generator in 517(211); is Rh — Rc, where 
Rc and Rh are the Cartan generators of SU{2)c and SU{2)h respectively. The isometries of 5® are 
SU{2)i X SU{2)r. Explicitly, the anticommutators of the 5f/(2|l); x SU{2\l)r supercharges on an 5® 
of radius L are 


{Qlai Ql 13} 


{Qrai Qr/?} 


( 7 “^' +-e^is {Rc + Rh) 


2 

I 




2 

L 


(5.2) 

(5.3) 


where and generate 517(2); and 517(2)^ respectively. 

In the flat space L —)■ 00 limit, the 517(2|1); x 517(2|l)r symmetry on the 5® contracts to the 
3d A/" = 4 super-Poincare symmetry. Indeed, writing = ^{Ja + LPa) and = ^{Ja — LPa), and 
taking the flat space limit we get 


= (5.4) 

(5.5) 

where Pa and Ja are the translation and rotation generators of R^. Comparing with the 3d A/" = 4 
super-Poincare supercharges QaAA' in (2.1) we hnd the identihcation: = Qa22,QTa = Qaii, 

Qra Qa21 and Qal2- 

The 517(211); supersymmetry transformations are generated by Killing spinors e; and e; on 5® 
obeying [17]®® 

z z 

V;.e; = ^7^^/ V;,e; = ^7/4^;, (5-6) 

while 517(2|l)r transformations are generated by Killing spinors and © on 5® which satisfy [39] 




(5.7) 


®^This supersymmetry is the fixed locus of an involution in 05p(4|4). 

®^A11 these Killing spinors are the subset of conformal Killing spinors on S^, which obey V^e^A' = that 

project out the conformal generators on . 
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From the viewpoint of off-shell supersymmetric supergravity backgrounds [40], these Killing spinor 
equations arise from 3d A/" = 4 supergravity in the presence of a background auxiliary held.^^ The 
superisometry of this supergravity background is SU{2\l)i x SU{2\l)r. 

We take the left-invariant frame e“ = a = 1, 2, 3, where the left-invariant one-forms of SU{2) 

are dehned by g~^dg = with g = ( ) so that det^f = 1. In this frame e/ and q are 

V -^2 Zi ) 

constant while and are given by = g~^^o, Cr = with eo,eo constant.^ 

The explicit 3d A/" = 4 supersymmetric Lagrangians on S'^ can be written down using the formulae 
for 3d A^ = 2 gauge theories on S'^ in [17,39,42-44], which are invariant under SU{2\l)i x SU{2)r. 
We hrst decompose the M' = 4 vector multiplet and hypermultiplet into M = 2 vector and chiral 
multiplets. By assigning U{l)i charge 1 and 1/2 to the chiral multiplets inside an A/" = 4 vector 
multiplet and hypermultiplet respectively, the supersymmetry of such an A/” = 2 theory on is 
enhanced with extra four supercharges [39], which generate the remaining SU{2\l)r. Just as in flat 
space, 3d A/" = 4 theories on admit canonical relevant deformations associated to the Gc x Gh 
symmetries of the IR SOFT. These are introduced by turning on SU{2\l)i x SU{2\l)r invariant 
background vector and twisted vector multiplets on for Gh and Gc respectively. Supersymmetric 
backgrounds for 3d A/" = 4 vector and twisted vector multiples on allow a single scalar in the 
multiplet to be turned on, instead of the triplet of parameters in flat space. Therefore on there is 
a single mass parameter and a single FI for each Cartan generator in Gh and Gc respectively. 

Following a similar analysis to the one in flat space in section 2, there are two inequivalent 
classes of half-supersymmetric line operators that can be dehned in a UV description of a 3d A/" = 4 
SCFT on S^. They are characterised by two different embeddings of S'f/(l|l)z x S'f/(l|l)r inside 
SU{2\l)i X SU{2\l)r. One class corresponds to supersymmetric Wilson loop operators and the other 
to Vortex loop operators on S^. 

5.1 Wilson Loops On 

Consider a Wilson loop operator wrapping a curve 7 G 

Trj^Pexp ® {iA^x^ — |i;|cr)dr (5.8) 

J7 

in a 3d A/" = 4 gauge theory, where a is the scalar held in the M = 2 vector multiplet inside the 
A7 = 4 vector multiplet. This operator preserves the SU{2\l)i x SU{2\l)r Killing spinors that are 
solutions to the following equations on (see appendix A)®® 


0 

1 

(7^®^ -1- |x|) 6/ = 0 

( 5 . 9 ) 

- |®|) e,. = 0 

+ |i|) e,. = 0 . 

( 5 . 10 ) 


®^The background fields in supergravity and conformal compensators are very similar to those required to put 4d 
M — 2 theories on see [41]. 

®®We note that all Killing spinors generating SU{2\l)i x SU{2\l)r are periodic along the Hopf circle. 

®®These equations hold at the position of the loop. 
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By a choice of parametrization of the loop 7 G we can always make |x| = 1. Since in the SU{2)i 
left-invariant frame the Killing spinors e; and q are constant, imposing that the Wilson loop preserves 
half of the supercharges in SU{2\l)i requires that 

x^ = rf‘e^, (5.11) 

where ? 7 ,“ is a constant unit three-vector = 1. A Wilson loop wrapping the curve on 

preserves the following half of the SU{2\l)i supersymmetries 

7 an“ez = ei 'yan% = -q . (5.12) 

The integral curves of the vector held h™' = 71 °“are great circles on S^. The choice of unit vector 
determines a Hopf hbration. Therefore, there is an = SU{2)/U{1) worth of choices of Hopf 
hbrations. Given a choice of Hopf hbration, there is another 5^ = SU{2)/U{1) worth of Hopf circles, 
labeled by the point on 8“^ where the Hopf hber sits. This realizes the space of maximal circles on 
as S'0(4)/f/(l) X 17(1) = X S"^. Note also that all circles in a choice of Hopf hbration preserve 
the same supersymmetry in SU{2\l)i. 

Without loss of generality we take = (0, 0,1). The Hopf circle preserves J 3 generating 17(1)/ C 
SU{2)i and the S'17(2|l)/ supersymetries 

73 Q = Q 737/ = -e/. (5.13) 

The Hopf circle, which is labeled by a point on S'^, also preserves 17(1),. C SU{2)r. A Wilson loop 
supported on this Hopf circle preserves the following supersymmetries in SU{2\l)r 

73er = G 737 ,. = -G, (5.14) 


where e,. and G are non-constant spinors in the left-invariant frame. We can without loss of generality 
take the loop at the North or South pole of 8“^, in which case 17(1)^ is generated by J 3 . For another 
Hopf circle at a diherent point in 5^, which can be obtained by the action of an isometry, the 
preserved 17(1)^ and supersymmetry generators are obtained from those at the poles by conjugating 
by the action of the isometry. 

In summary, the Wilson loop (5.8) wrapping the Hopf circle at the North pole of 5^ is half- 
supersymmetric in a 3d A/" = 4 theory on 8^. It preserves an 517(111)/ x 517(111),. inside the 
517(2|1)/ X 517(2|1),. supersymmetry of a 3d A/" = 4 theory on 5^. The explicit supersymmetry 
algebra of the Wilson loop is 


{QhQi} 


{qr, Qr} 


4-2 

Jl -\(Ro- Rh) 


(5.16) 

(5.16) 


The insertion of this Wilson loop on 5^ can be also realized by coupling the Id A7 = 4 fermi multiplet 
localized on the Hopf circle to the 3d A7 = 4 theory on 5^. Putting the Id gauged fermi multiplet 
theory on 5^ while preserving 517(111)/ x 517(1 |l)r is trivial as there are no 1 /L modihcations to 
the Id gauged fermi theory in flat space. Integrating out the fermi multiplet inserts the Wilson loop 
operator (5.8). 
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5.2 Vortex Loops On 


Another family of half-supersymmetric line operators can be dehned in 3d A/" = 4 gauge theories on 
S^. These loop operators preserve a different 517(111); x 5f/(l|l)r inside the 5f/(2|l); x SU{2\l)r 
supersymmetry on S^. They correspond to Vortex loop operators. A Vortex loop operator supported 
on a Hopf circle at the North or South pole of preserves the following supersymmetries®^ 

73Q = Q 737; = -e; (5.17) 

73er = -er 737r = er , (5.18) 

Indeed the supersymmetry algebra preserved by a Vortex loop is different to the one preserved by 
a Wilson loop (cf. (5.13)(5.14)). We record in table 5 the quantum numbers of the preserved 
supercharges. 



4 

jr 

Rc 

Rh 

qi 

-1/2 

0 

-1/2 

-1/2 

qi 

1/2 

0 

1/2 

1/2 

Qr 

0 

1/2 

-1/2 

1/2 

Qr 

0 

-1/2 

1/2 

-1/2 


Table 5: Supercharges preserving Vortex loop. 


We note that Jg — |(i?c + Rh) and Jg -|- ^{Rc — Rh) commute with all four supercharges, a fact 
will make good use of shortly. The explicit 517(111); x 517(1 |l)r anticommutators of the preserved 
supercharges by a Vortex loop operator are 


{Qi, ~ 2 

(5.19) 

2 r 1 1 

{Qr^Qr} Jg -b - (i^C — 7?/f) . 

(5.20) 


Note the different relative sign in the last anticommutator in comparison with the supersymmetry 
algebra (5.16) for a Wilson loop. 

In order to explicitly dehne Vortex loop operators on 5^ we must learn how to couple in an 
517(1 1 1 ); X 517(1 1 l)r invariant way the Id A/” = 4 SQMy invariant gauge theories discussed in section 
2 to 3d A/" = 4 gauge theories on 5 ®. The Id A/" = 4 theory is now supported on an 5 ^ and not on a 
line, modihcation which plays an important role in what follows. It is instructive to hrst note that 
in the flat space limit where L —)• oo the supersymmetry preserved by the loop on 5^ reduces to the 
Id A7 = 4 SQMv^ supersymmetry in (2.3) that was preserved by a Vortex loop in flat space 

{qi,qi} = H (5.21) 

{qr,qr}= - H, (5.22) 

Vortex loop wrapping a different Hopf circle can be obtained by conjugating by a symmetry. 
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where the sphere generators J 3 = \{Ji 2 +LH) and J 3 = \{Ji 2 — LH) become the translation generator 
H and transverse rotation generator J 12 in flat space. 

Coupling a Id A/" = 4 SQMy gauge theory on the loop to a 3d A/” = 4 theory on requires 
turning on background flelds in the Id A/" = 4 theory in order to make the 3d/ld theory invariant 
under the S't/(l|l)z x S'?7(l|l)r supersymmetry algebra of the Vortex loop. This is not surprising. 
Placing a 3d A/" = 4 gauge theory on deforms the flat space supersymmetry transformations and 
action. Both modifications can be interpreted as arising from background 3d A/" = 4 supergravity 
flelds [40]. We now show that the Id A/" = 4 supersymmetry transformations and action can be 
deformed in such a way as to yield a supersymmetric Vortex loop operator on S^. 

The starting point is the SQMy supersymmetry algebra discussed in section ^ 

{Q+,Q^} = H {Q_,Q_} = H. (5.23) 

In order to couple the Id A/" = 4 theory on supersymmetrically we must deform the Id A/" = 4 
theory in such a way that the supersymmetry algebra becomes the S'f/( 1 | 1 ); x S'f/(l|l)r algebra of 
the Vortex loop on 



(5.24) 

2 r 1 1 

iQr, = j ^ "^3 + 2 - Rh) ■ 

(5.25) 


This can be accomplished in two steps: 

• Turning on a fixed background gauge held for the R-symmetry J_ = J 3 + J 3 — Rc 

• Turning on a fixed imaginary mass parameter for the flavour symmetry Gp = — Rp 

Gp does indeed commute with all four supercharges, as it is the sum of the bosonic generators in 
(5.19) and (5.20), both of which are central elements. The charge J_ commutes with qi and g; but 
not with Qr and Qr- We also use in an important way that the Id A/" = 4 theory lives on an and 
non-trivial Wilson lines can be turned on around the circle. Deforming the Id A/" = 4 theory by these 
backgrounds allows to couple a Id A/" = 4 theory on a Hopf circle to a 3d A/" = 4 theory on while 
preserving 517(111)/ x 5f/(l|l)r. 

The SQMy supersymmetry algebra (5.23) gets deformed in the presence of a background Id 
AT = 4 vector multiplet for a flavour symmetry G. We consider a background gauge field a on and 
a background scalar field in the vector multiplet corresponding to a real mass The deformed 
SQMy algebra becomes^ 

{Q+,Q^} = H — {a + im)G {Q-,Q_} = H — {a — im)G . (5.26) 

H is the generator of translations on the circle, which we take to have length (3 = 2'kL. 

®®Turning on a complex mass associated to the other two scalars in the vector multiplet deforms other commutators. 
®®This can be easily understood by dimensional reduction of the 4d W = 1 supersymmetry algebra. 
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Turning on a background gauge field for the R-symmetry J_ generically breaks the supersymme¬ 
tries associated to the supercharged Q- and Q- charged under J_. However for quantized values of 
the gauge field a_ = ^, n G Z, supersymmetry remains unbroken with Q_ and Q- generated by the 
non-constant Killing spinors e_ = and e_ = with r G [0,27rL] parametrizing For 

these quantized holonomies, the supersymmetry algebra is deformed in the same way as if it were a 
flavor symmetry. In conclusion, turning on the following background fields for J_ and Gp 

m = 0 

m = ^ , (5.27) 

the SQMy algebra (5.23) becomes the SU (l|l)z x SU (l|l)r supersymmetry preserved by a line defect 
in a 3d = 4 theory on S^. We can identify the generators as follows:®^ 

Q+ = gz, Q+ = g;, Q_ = Qr, Q- = -Qr (5.28) 

H = — — J^ , J± = + J^) — Rc I Gp = jf -\- — Rh (5.29) 

Jj 

Consistently with the deformation by the R-symmetry gauge field a_ = — we find that the Killing 
spinors generating g^ and g^ behave at the position of the loop as e_ = and e_ = e~^i, respectively. 
Note that these position dependent Killing spinors are nevertheless periodic along the Hopf circle. 

The background fields (5.27) ensure that the Id A/" = 4 theory living on a maximal circle of 
can be coupled supersymmetrically to the bulk 3d A/" = 4 theory. This can also be understood by 
looking at the 3d A/” = 4 supersymmetry transformations of the vector multiplet and hypermultiplet 
on S'^ generated by the four Killing spinors preserving the Vortex loop. These transformations 
decompose into SQMy supersymmetry transformations deformed by the advertised background. To 
couple the bulk theory to SQMy, preserving the four supercharges, it is then required to turn on this 
background in the SQMy supersymmetry transformations and Lagrangian. The derivation of how 
the supersymmetry transformations on 5^ decompose is presented in appendix A. 

The presence of these background fields can be recast, upon field redefinition, into twisted bound¬ 
ary conditions for the fields in the Id A/" = 4 theory around thus affecting the partition function 
(or supersymmetric index) of the Id A/" = 4 theory. This will play a crucial role in the evaluation of 
the expectation value of Vortex loop operators in section 5.3 . 

Having defined the half-supersymmetric Wilson and Vortex loop operators on we now propose 
to evaluate their expectation values exactly, using the results of supersymmetric localization and to 
test the mirror symmetry predictions of section 4. 

®°This can be understood as follows. The constant gauge field a_ can be absorbed into a redefinition of the fields 
R = with r_ the J_-charge of (p. The non-standard periodicity of the fields around are then preserved 

by the supersymmetry transformations generated with e_ = and e_ = . These spinors are globally defined 

only for a_ = £, with n G Z. 

®^In the flat space limit, the R-symmetry generators J± are identified with =f7i2 ~ Rc- They are related to the 
generators J± presented in section 2 by a shift by the flavor symmetry generator J 12 — Rh, which is the flat space 
limit of Gp. 


: a = — — 

1j 

Gp : a = 0 
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5.3 Exact Partition Function Of 3d/Id Theories On 

In this section we identify the matrix integral representation of the exact expectation value of a 
half-supersymmetric Vortex (and Wilson) loop operator in an A/" = 4 theory on S^, which takes into 
account the coupling of Id A/” = 4 SQM on to the A/" = 4 theory on described in the previous 
section. This matrix model model is obtained by combining in an interesting way the matrix integral 
computing the partition function of A/" = 4 theory on [17] and the matrix model representation 
of the supersymmetric index of Id A/" = 4 SQM found in [18,19]. 


5.3.1 Partition Function And Wilson loops 


A powerful probe of the dynamics of a strongly coupled 3d A/” = 4 IR SCFT emerging at the endpoint 
of an RG flow from a UV 3d A/" = 4 supersymmetric gauge theory is the partition function of the 
gauge theory on S^. The partition function is a renormalization group invariant observable, and 
the computation performed in the UV exactly captures the partition function of the IR SCFT. 

The partition function of 3d A7 = 4 gauge theories can be localized to a hnite dimensional 
matrix integral [17]. The matrix integral is dehned by integrating over the Cartan subalgebra of 
the gauge group the product of the classical and one-loop contributions in the (exact) saddle point 
analysis [17] 


Zmm — 


|W| 


dcT .^class ■ 


'■‘vector ' -^hyper ) 


'C 


(5.30) 


where W is the Weyl group and C is the contour of integration. The classical contribution depends 
on the FI parameter r] for each abelian gauge group factor 


^ _ 27Tirf'Tr(j 


(5.31) 


The 3d A/" = 4 vector multiplet contribution is 

^vector = JJ sh(Q; ■ ct)^ , (5.32) 

a>0 

while a hypermultiplet in a representation 77 of the gauge group with mass m yields 

^hyper = ]/[ 1 ’ (^'SS) 

ch w ■ a — m) 
wen ' ' 

where a are the roots of the Lie algebra and w the weights for the representation. Throughout we 
use the following short-hand notation (borrowed from [15]) 

sh(x) = 2sinh(7ra:) ch(a;) = 2cosh(7ra;), th(a;) = tanh(7ra:) . (5.34) 


In this paper we focus on gauge theories with unitary gauge groups. For a U{N) gauge group 
the set of eigenvalues is {cri}i<i<Ar and |W| = N\. The vector multiplet and massive fundamental 
hypermulptiplet factors are expressed in this case by 

N 

•^vector sh((Jj CTj) , .^hyper ch((Jj /Ti) (5.35) 

i<j j=l 
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By combining these building blocks the exact partition function of an arbitrary 3d = 4 gauge 
theory acquires an elegant matrix model representation. 

The contour of integration C of the matrix model that arises from the localization computation is 
the real axis. The condition that the matrix integral over the real axis is convergent [14] is precisely 
the same as the criterion for the quiver theory to be “good” or “ugly” [29], that is that for each 
U{N) gauge group factor the number of fundamental hypermultiplets Nj obeys Nf > 2N — 1. In this 
paper we have considered gauge theories that flow in the IR to an irreducible SCFT, so the matrix 
models (in the absence of Wilson loops) are convergent. 

The exact expectation value of the supersymmetric Wilson loop (5.8) is computed by inserting 
into the matrix model of the theory (5.30) the factor 

^ , (5.36) 

w&'R. 

where TZ is the representation associated to the Wilson loop and w runs over the weights of TZ. 
Wilson loops expectation values are in addition normalized by the partition function. 

We note that the matrix integrals dehned over the real contour capturing the expectation value 
of Wilson loops can become divergent when the charge of the Wilson loop is sufficiently large. For 
these superhcially divergent matrix models we regulate the divergent integrals by deforming the 
contour of integration C of the matrix model away from the real axis. The results that we hnd 
using the deformed contours are completely consistent with our mirror symmetry predictions. It 
may be possible to justify these deformed contours of integration for the divergent matrix integrals 
by carefully performing the localization computation. 

More precisely, for positive FI parameter 77 > 0, we deform the contour of integration of each 
eigenvalue so that it encloses the poles of the matrix model integrand in the upper half-plane, as 
in hgure 37. This is then the same as closing the real line with a semi-circle going through +ioo. 
Conversely if 77 < 0 we close the contour so that it encloses the poles in the lower half-plane. These 
choices of contour lead to hnite results for arbitrary large values of the Wilson loop charge, as long 
as 77 7 ^ 0. For each matrix eigenvalue the Wilson loop charge q combines with the FI parameter r] in 
a complex parameter t] + iq and the evaluation of the integral with our prescription coincides with 
the analytic continuation to the complex value of the FI parameter. 

5.3.2 Id A7 = 4 Supersymmetric Quantum Mechanics Partition Function 

In this section we introduce and evaluate the partition function of the Id A/" = 4 SQM quiver gauge 
theories on a circle relevant for the description of Vortex loop operators in 3d A/" = 4 gauge theories. 
The Id A/" = 4 SQM partition function admits a Hilbert space interpretation as an index with 
fugacities (or chemical potentials). It is dehned as a trace over the Hilbert space of the theory [45] 

I{z, fi) = Tin (-1)^ , (5.37) 

where F is the fermion number, z is a chemical potential for the U{1)- R-symmetry with generator 
J_ and /i = {/ij} is a collection of chemical potentials for havor symmetries with Cartan generators 
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Figure 37: a) The naive contour (red line) of integration is on the real line. Crosses denote poles of the matrix 
integrand, b) At positive FI parameter, we deform the contour as depicted, so that it encloses the poles in the 
upper-half plane. 


Yij. In the path integral representation, the fugacities are associated to twisted boundary conditions 
for the helds, which can be undone by turning on background vector multiplets for the relevant 
symmetries. 2 ; is associated to the presence of a 77(1)_ R-symmetry gauge held, with the relation 
z = —La-, where 2nL is the length of . A chemical potential fij is associated to the presence 
of a U{l)j havor symmetry gauge held aj and a real mass parameter mj, through the relation 
/ij = —L{aj + irrij). 

As explained in section 5.2, coupling the Id A/” = 4 theory on a maximal C to a 3d 
A7 = 4 theory requires turning on a constant R-symmetry gauge held corresponding to z = 1 and a 
mass deformation corresponding to a chemical potential fi = 1 for the havor symmetry generated by 
GF = Ji — Jl — Rh- Of course, the fugacities for all other havour symmetries are arbitrary. 

The Id A/" = 4 SQM theories are deformed by FI terms with parameters ^ = Q taking real 
values in the center of the gauge algebra. The partition function or index is well-dehned when all FI 
parameters Q are non-zero. When the FI parameters vanish important subtleties arise as the theory 
may develop a continuous spectrum. 

Using supersymmetric localization, the exact index of a Id A/" = 4 SQM theory is given by the 
explicit formula [18,19] 


X(z,/i) 


1 


JK - Res^ g^ec{z, u) gch\{z, p, u) d^u , 


(5.38) 


where k is the rank of the gauge group G, \W\ is the order of the Weyl group W oi G and JK-Res 
denotes the sum over Jehrey-Kirwan residues [46] of a meromorphic fc-form with complex variables 
u = {uj}. The factors S'veoS'chi are the localization one-loop determinants associated to Id A/" = 4 
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vector and chiral multiplets, 


5^vec(^) 


TT 


n 


sm — vra ■ u) 


sinlvT^r) J siniTrlo! ■ u — z)] 


( ^ -i-r sin[-7r(M; ■ M + g ■/i + (f - l)z)] 

5(chi(^,h,'w) = J_J_ 


wGTI 


sin[7r(tc ■ u + q ■ /j, + ^z)] 


(5.39) 

(5.40) 


where a runs over the roots of the gauge algebra, w runs over the weights of the chiral multiplet 
representation, R is the chiral multiplet R-charge under 2J_ and q = {gj} are the chiral multiplet 
charges under the flavor symmetry generators fl = {Hj}. 

We now explain briefly how to compute the Jeffrey-Kirwan residues of the meromorphic fc-form 
with simple poles and with Fl parameters C,. A given set pole u* = {«/} arises at the intersection of k 
hyperplanes in C^, dehned by the equations -u*+q^^^ ■ z = 0,®^ with J = 1, • • ■ , A;, appearing 

in the denominator of the chiral multiplet one-loop determinant. In principle we should also consider 
poles in the vector multiplet one-loop determinant but it happens that one cannot hnd a collection 
of k hyperplanes intersecting at a point u* if one of the hyperplanes is described hy a ■ u — z = 0.®^ 
Thus each pole u* is associated with a set of k weights each weight appearing in some chiral 

multiplet factor. A set of weights dehnes a cone | c/ > 0} C M^. The 

Jeffrey-Kirwan residue at u* is then given by 


JK — ReS(^[M*] g{z, /i, u) d^u 


Res[u*] g{z, g,,u) if — C G 
0 otherwise. 


(5.41) 


where Res[u*]g{z, g.,u) denotes the usual residue at the pole u = u* and ( is understood as a k- 
component vector. 

The total index (5.38) is obtained by summing over all JK-residues at poles u* 


X{z,fi) 


1 


^ JK - Res^[M*] g^ec{z, u) gch\{z, qi, u) d’^u. 

U* 


(5.42) 


We will give here the result of the evaluation of the index for the class of Id A/^ = 4 SQM quivers 
entering our construction of Vortex loop operators mirror to Wilson loops, relegating part of the 
details of the residue computations to appendix R 

The class of Id A/" = 4 SQM quiver gauge theories we consider is described in hgure 2. They are 
linear quivers connected by pairs of bifundamental chiral multiplets, with fundamental and Nji 
anti-fundamental chiral multiplets in the terminating node, which we mean to be the node on the 
right of the quiver in 2 (this is the one that is closest to the 3d quiver in the combined 3d/Id quiver). 
The gauge group is then G = 11^=1 where U{np) denotes the terminating node. Moreover 

®^Strictly speaking the hyperplane equations are ipT) . u* + gF) • p + = n, with n G Z, but in the index 

computation only the hyperplane with n = 0 should be picked. 

®^The pole from the vector multiplet is canceled by a corresponding zero from the chiral multiplet. 
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each node has either zero or one adjoint chiral multiplet and we denote G {0,1} the number of 
adjoint chiral multiplets in the U{np) node. As explained in section 3.2, the Id FI parameters of all 
nodes in the quiver are taken negative if the Id A/” = 4 theory is read from the brane conhguration 
with Dl-strings moved to the closest NS5-brane on the right. Conversely they are all taken positive 
if the Id A/” = 4 theory is read from the brane conhguration with Dl-strings moved to the closest 
NS5-brane on the left.^ 

Superpotentials: The Id A/" = 4 SQM theories have superpotentials constraining the R-charges 
of the chiral multiplets: cubic superpotential couplings between adjoint and bifundamental chiral 
multiplets and quartic superpotential couplings between bifundamental chiral multiplets for the nodes 
without adjoint chiral multiplet. The N fundamental and M anti-fundamental chiral multiplets in 
the terminating U{Np) node do not enter into such cubic and quartic superpotentials. Instead they 
are coupled to a 3d hypermultiplet through a cubic superpotential as described in section 3.2. This 
3d/ld coupling is responsible for the identihcation of bulk and defect havor symmetries. 

A cubic superpotential imposes the constraint i?adj + Rbifi + Rbif 2 = 2 on the R-charges of 
the helds with respect to the generator 2 J_. A quartic superpotential imposes the constraint 
Rbifi + Rbif 2 + Rbifs + Rbif 4 = 2. The cubic superpotential which couples the fundamental and 
anti-fundamental chirals to the 3d hypermultiplet imposes the constraints Rfund + Ra-fund = 2, since 
the bulk hypermultiplet is not charged under J_ = Jf + — Re¬ 

in order to perform the computation of the Jeffrey-Kirwan residues, we only impose that the 
R-charges obey these superpotential constraints, but otherwise leave them arbitrary, to avoid having 
to deal with higher order poles. It turns out that the hnal results depend only on the R-charges of 
the adjoint chiral multiplets, which we need to specify at the end of the computation. 

The R-charges for the adjoint chiral multiplets can be read from the flat space brane realization 
of the quiver (see section 3.2). The complex scalar degrees of freedom of an adjoint chiral living on 
Dl-branes stretched between two NS5-branes correspond to displacements of the Dl-branes along 
the plane — x"^. The scalar transforms as a vector under SO{2) 12 and is uncharged under J-j^. 
The adjoint chiral then has charge 2 under 2( J 12 — J^^) which is identihed with the Id A/" = 4 SQM 
generator 2J_ in the flat space limit. On the other hand the complex scalar of adjoint chiral living 
on Dl-branes stretched between two NS5’-branes are associated with displacements of the Dl-branes 
along the plane x^ — x^. It transforms as a vector under S' 0 ( 2)45 and is uncharged under J 12 and 
J 78 . The adjoint chiral is then uncharged under 2J_. 

The R-charges (under 2J_) of the adjoint chiral multiplets are then hxed to be either 2 or 0, 
depending on whether they arise from a brane construction with NS5 or NS5’ branes. In the Id 

®^Less restrictive conditions could be imposed on the signs of the FI parameters in non-terminating nodes. For 
instance in a two-node quiver with FI parameter ^2 > 0 in the terminating node, we could allow for a FI parameter 
Cl > —C 2 , with Cl A Oj iri the other node. This constraint follows from a careful analysis of the positions of the various 
NS5-branes in the brane realization of the loop operator. We checked with a few explicit computations that the index 
does not depend on Ci taking values in this range. At Ci = 0, corresponding to aligned NS5-branes, we do not know 
how to evaluate the Id partition function, but we expect a dramatic change in the result (see discussion around 3.1). 
To simplify computations we require the FI parameters of all the nodes in a quiver to have the same sign (Ci, C 2 > 0 
in the example). 
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AT = 4 quiver gauge theory description, this prescription is re-expressed as follows. Dehne the 
integers Cp = P — p — adjoint chiral multiplet in the U{np) node has R-charge Radj,p 

given by 


R 


adj,p 


2 if Cp odd 
0 if Cp even. 


(5.43) 


Similarly one can derive the charge of the adjoint chiral multiplets under the flavor symmetry Gp, 
which is identihed in the flat space limit with the lOd rotation generator J12 — J45. The charges of 
the multiplets under the symmetries relevant for the computation of the index and the constraints 
they obey are summarized in the following table. 



2 J_ 

Gp 

W-constraints 

adjoint chiral 

2 or 0 

-h 1 or -1 

cubic 

bifund, chiral 

fbif 

<?bif 

cubic/quartic sp. 

fund, chiral 

r+ 

7+ 


antifund, chiral 

r_ 

q- 

r+-hr_ = 2 , g+-hg_-1/2 = 0 


Table 6: Charges and superpotential constraints 


The last entry in the table, -|- g_ = 1/2, follows from the superpotential constraint coupling 
bulk and defect helds and the fact that the 3d hypermultiplet entering in this superpotential has 
charge —1/2 under Gp = Jf + ~ Rh- 

As explained in section 3.2 , each Id A/” = 4 quiver gauge theory obtained by moving the Dl- 
branes to the closest NS5-brane on the right is associated to a tensor product representation TZ of 
U{N), with N the number of fundamental chiral multiplets, which depends on the ranks of the nodes 
Up and on the distribution of adjoint chiral multiplets among the nodes. The representation of U{N) 
associated to the quiver is 7^ = ®p^{Rkp with kp = Up — np_i (with uq = 0) and TZkp is given by 


f Skp if Cp odd 
\ Akp if Cp even. 


(5.44) 


Skp and Akp denote the fcp-symmetric representation and fcp-antisymmetric representation respec¬ 
tively. 

Once the representation TZ is identified we can perform the evaluation of the Id A/" = 4 SQM 
index. As we will explain shortly, we first compute the index at arbitrary values of z and then we 
take the analytic continuation to z —?■ 1 in the combined 3d/ld partition function.This turns 
out to be the correct prescription to compute the hnal exact partition function of the 3d/Id theory 
describing a Vortex loop operator. The Gp chemical potential p can be readily set to /i = 1. 

The details of the computations are given in appendix B, for single node and two nodes quivers. 
We use the explicit results of our computations to conjecture the index formula for the general class 

Poles of the 3d integrand cross the integration contour as z —>■ 1, which is why we analytically continue to z = 1. 
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of quivers relevant in this paper. Our computations in explicit examples gives us confidence in our 
formulas (5.45)(5.47) below and ultimately result in the matching between mirror and Vortex loops 
extended to an arbitrary number of nodes. 


Let us denote and X* the partition functions, or supersymmetric indices, of the Id A/" = 4 
gauge theory realized by moving the Dl-strings on the closest NS5-brane on the right and on the 
left respectively. For the ‘right’ SQMy theory, which has iV fundamentals with mass —Oj and M 
anti-fundamentals of mass nia in the terminating node, we hnd that the index X''’ at arbitrary 2 ; is 
given by a sum of contributions labeled by the weights of the representation TZ of U{N): 


M N 


r(z) = i:(z ), i:(z) = U'Ji. If If 


ch(ma - CTj) 




LJ- J-J- ch(mQ 
=1 .7=1 ^ ° 




IWjZ) 


(5.45) 


where X'(crj,^) is a factor that will not play any role in our hnal computation of the expectation 
value of Vortex loop operators. Let us just mention here that it is a product of the form 

= — -JZT- - /, ../OM -> (5-46) 


a,K i^j 


sin[7r(i(Ti — iaj + az + k/2 )] 


where a,K take real values. In the analytic continuation to z = 1, this factor will not affect the 
evaluation of the coupled 3d/ld matrix model. 

For the Id A/" = 4 quiver theory obtained by moving the Dl-branes to the closest NS5-brane on 
the left the computation is similar, except for the fact that the FI parameters of the nodes are all 
positive. This affects very signihcantly the index. The answer is now written as a sum over weights 
of a representation 77 of U{N), where now N is the number of anti-fundamental chiral multiplets in 
the terminating node and 77 is given by the same tensor product of symmetric and anti-symmetric 
representation described above. Denoting by —ma the mass of the M fundamental chiral multiplets 
and cTj the mass of the N anti-fundamental chiral multiplets, the index is then given by 


wizn 


M N 


lUz)=T(a„z) nn 


ch(mQ 


CTi 


ch(ma - (Tj + iWjz) 
a=l 7=1 ^ ' 


(5.47) 


where z) is again a factor that trivializes when we consider the full 3d/Id matrix model in the 
analytic continuation to z = 1. 

The formulae (5.45) and (5.47) are compatible with the expectations from Id Seiberg duality. 
This can be understood as follows. The computation shows that the partition function depends 
only on the representation 77 and on the masses of the fundamental and anti-fundamental chiral 
multiplets in the terminating node. Multiple Id quivers (except for single node quivers) lead to the 
same tensor product representation 77 and hence have equal partition functions, namely the quivers 
read from all possible orderings of the NS5 and NS5’-branes in the direction. These reorderings 
affect the rank of the gauge nodes and the distribution of adjoint chiral multiplets among them but 
not the associated representation 77. These Seiberg-dual quivers are expected to realize the same 
Vortex loop in the infrared limit and we hnd indeed that their partition functions match (at least 
when z ^ 1). 
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5.3.3 Matrix Model Computing Vortex Loops 

Our aim is to compute the exact expectation value of Vortex loops in 3d A/" = 4 gauge theories on S^. 
We now explain how this quantity is captured by a matrix model that combines in an interesting way 
the exact partition of 3d A/" = 4 theories and the exact index of the Id A/" = 4 theories dehning 
Vortex loops, both of which we have already introduced. 

A Vortex loop on is dehned by a supersymmetric coupling of a 3d A/" = 4 gauge theory on 
to a Id A/" = 4 gauge theory on an G S^. Recall that in order for the 3d/Id defect theory to be 
supersymmetric, invariant under x S't/(l|l)r, we had to turn on very specihc background 

helds in the SQM. We can compute the exact partition function of the combined 3d/ld theory by 
choosing the supercharge qi in to localize the full functional integral. In order to localize the 

combined 3d/ld partition function, we must add suitable deformation terms for both the 3d A/" = 4 
theory and the Id A/” = 4 theory. Importantly, the saddle points for the 3d and Id helds are not 
modihed. The way the combined 3d/ld partition function encodes the specihc couplings between 
the 3d and Id theories is by taking into account that the havour symmetries of the Id A/” = 4 theory 
are gauged with 3d A/^ = 4 vector multiplets. At the level of the combined matrix model this means 
that the Id mass parameters that are gauged are replaced by the scalar in the corresponding 3d 
AT = 4 vector multiplet. This scalar can be either dynamical, in which case it corresponds to an 
eigenvalue in the 3d matrix integral that needs to be integrated over, or it is identihed with a mass 
parameter in the 3d theory. Therefore, the combined 3d/ld partition function is found by convolving 
the “gauged” Id partition function with the 3d partition function. 

The expectation value of a Vortex loop V wrapping a maximal circle of is the partition function 
of the 3d A/" = 4 theory coupled to the Id A/" = 4 SQM quiver, normalized by the partition function 
of the 3d theory. It takes the form 

(y) = vpfl X Urn [ da Fs^[a,m,^] Z[a,m,z] . (5.48) 

^3d ^3d |kV| Jc 

F 3 ^[a,^,m] is the matrix model integrand of a 3d A/" = 4 theory with eigenvalues a, hypermultiplet 
masses m and FI parameters while X[(j, m, z] is the index of the Id A/" = 4 SQM^/ defect theory that 
realizes the Vortex loop. We note that the flavour fugacities of the Id theory are identihed either with 
3d matrix eigenvalues a or with 3d mass parameters m, depending on whether the corresponding Id 
havour symmetry is gauged by dynamical or background 3d vector multiplets. 

The factor takes the form of an abelian background Wilson loop that we add to the matrix 

model. It follows from the analysis of the brane realization of the Vortex loop and appears as a 
necessary ingredient to check successfully mirror maps with Wilson loops. In the brane picture each 
hve-brane is associated to a deformation parameter of the theory (see section 3), masses for 
D5-branes and “FI” parameters for NS5-branes. When q Fl-strings end on a D5 with parameter 
m, they realize a Wilson loop of charge q for the havor symmetry associated to the D5-brane, and 
the corresponding matrix model factor is Similarly when q Dl-branes end on an NS5-brane 

with parameter they realize a Wilson loop of charge q for the global symmetry associated to the 
NS5-brane, and the corresponding matrix model factor is Thus when we read the 3d/ld quiver 
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for a Vortex loop by moving the Dl-branes on top of the closest NS5-brane to the left, resp. to the 
right, we propose to add to the matrix model the background Wilson loop factor 

right: W® = (5.49) 

where resp. is the parameter associated to the NS5-brane on the left, resp. on the right, and 
\TZ\is the total number of boxes in the Young tableau of the representation TZ labeling the Vortex loop. 
\TZ\ coincides with the total number of Dl-branes ending on the NS5-brane. It should be noticed that 
this Wilson loop factor cannot be associated to a global symmetry acting on the helds of the theory, 
since the parameter ^l/r is not a combination of the true FI parameters —With this addition, 
the matrix model computing the Vortex loop depends on all parameters. Similarly the matrix 
model computing the Wilson loop depends on all the masses of fundamental hypermultiplets, 
although only the parameters rua — rua+i are associated to actual flavors symmetries.®® In the 
presence of a loop operator, the theory seems to admit one extra deformation parameter, mass or FI 
parameter, associated to a “hidden” symmetry, which act on the helds trivially. 

A Vortex loop coupled to a U{N) node of the 3d A/" = 4 quiver theory is labeled by a 

representation TZ ofU{N) and by a splitting K = M+{K — M) of the K fundamental hypermultiplets 
of this U{N) gauge node. Let us consider the Vortex loop realization furnished by coupling the 3d 
W = 4 theory to the Id A/" = 4 SQM quiver obtained by moving the Dl-branes to the NS5-brane on 
the right, illustrated in hgure 5. In this case the SQM is labeled by a certain representation IZ of 
U{Ni) and a splitting M = M 2 , K — M = Mi. In the terminating node, the SQM has Ni fundamental 
chiral multiplets with masses —Uj, j = 1, ■ ■ ■ , Vi and M 2 -|- N 2 anti-fundamental chiral multiplets 
with masses m^, a = 1, • ■ ■ , M 2 and k = 1, • • • , ^ 2 - The couplings to the bulk theory identify 
aj with the eigenvalues of the 3d U{Ni) gauge node, a*, with the eigenvalues of the 3d 1 /(^ 2 ) gauge 
node and nia with the real masses of the M 2 fundamental bulk hypermultiplets. The identihcation 
of bulk and defect parameters works similarly for the SQM obtained by moving the Dl-branes to the 
left NS5-brane. 

We must also explain what we mean by lim^-^i. The evaluation of (5.48) at imaginary values of z 
dehnes a function that admits an analytic continuation to the complex plane. We can thus evaluate 
the integral for z G iM and consider the analytic continuation to z = 1.®^ This is how we extract our 
hnal result. This recipe is motivated by the observation that plugging z = 1 directly in the matrix 
model integrand would trivialize the index (reduce it to be just one) and the coupling to the SQM 
quiver would not affect at all the total partition function. Instead, the analytic continuation that 
we propose takes into account the matrix model contributions from residues of poles crossing the 
(jj-integration contours, as we vary 2 ; continuously from zero to one. The fact that these residues 
should be included should follow from a more detailed analysis of the localization computation. 

We can now explain our claim that the factor J^{ai,z) appearing in the evaluation of the SQM 
index (5.45) does not contribute to We noticed that tF{ai,z) is a product of terms with 

®®This is because the sum of all fundamental hypermultiplet masses is associated to the diagonal t/(l) of the flavor 
symmetry group, which is actually gauged with a dynamical gauge field. 

®^We note that as we move z S iK no poles cross the integration contour, while if z G R we must deform the contour 
to enclose the poles that cross the original one. 
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the generic form (5.46). In taking the analytic continuation z ^ 1 these factors introduce residues 
from poles crossing the integration contours proportional to sin(±7r2;). In the limit z = 1 these extra 
residues all vanish, implying that the limit z = 1 can be taken directly in the integrand of (5.48) 
for this factor J^(ai,z). Noting that T{ai^z = 1) = ±1, we can simply drop this factor from our 
computations. Our results will be valid only up to an overall sign. 

The same argument would not work for the other factors in (5.45) because the numerators ch(ma — 
Gj) are exactly canceled by inverse factors from the 3d hypermultiplets contributions! This means 
that the residues of the poles crossing the integration contour as z ^ 1 due to these factors are 
non-vanishing. The discussion is the same for the left index (5.47). 


5.4 Loops in r[5'[/(iV)] 

In this section we perform the explicit computation of the exact expectation value of Wilson and 
Vortex loop operators in the T[SU{N)] theory. We show precise agreement with all of our brane- 
based predictions in section 4.3. 

We will use the notations 

a a a a,b a b 

n^if. n . n^nn 

j j=l j<k j,k j=l k=l 


The T[S'f/(V)] theory has an U{N)j x U{N)p global symmetry group.®® SU{N)f is the flavor 
symmetry rotating the fundamental hypermultiplets and SU{N)j is a global symmetry arising at 
the infrared hxed point, enhancing the manifest 17(1)'^“^ topological symmetry acting on the dual 
photons. These global symmetries can be weakly gauged to give masses m = (mi,... ,771^) to the 
fundamental hypermultiplets and FI parameters rji = — 6+i) with ^ = (^i,... ,^Ar), to the iV — 1 

nodes. The S'® partition function of the T[SU{N)] theory deformed by these massive parameters was 
computed in [15,47] and is given by 


znsu{N)] ^ 


-i'j ^'4^^ ^-2iTT^N El "ij 


E 


reSjv ' 


■ 1 )’ 


„27ri Ef 


(5.51) 


IlJ<k sh(^i - 6)sh(mj - ruk) ’ 

where is the group of permutations of N elements and (—l)’^ is the signature of the permutation 
r. T[SU{N)] has the property of being self-mirror. This is realized by virtue of the partition 
function (5.51) being invariant under the exchange rrij ^ ^j, except for the phase , 

which is unphysical, in the sense that it can be removed by a local counterterm constructed from 
the background helds (namely mixed background Chern-Simons terms) dehning the UV partition 
function [48,49]. 

For the explicit mirror symmetry maps, it will prove useful to dehne the mirror symmetric quantity 


2;TlSUiN}] ^ g2i7r5^v E, ^T[5C/(V)] 


iV(iV-l) 

[-l) 2 


EreSw( 


■g27r*Ei ij^rU) 


~ ^fc)sh(mj - rUk) ’ 


(5.52) 


®®Strictkly speaking the symmetry is SU{N)j x SU{N)p, but it is convenient to make the mapping of parameters 
under mirror symmetry symmetric to add two extra U{1) symmetries, which act trivially. 
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which can be understood as the partition function expressed in another renormalization scheme and 
which is manifestly invariant under the exchange of mass and FI parameters rrij <H- ^j. 

All our results are nicely expressed in terms of two shift operators and ©'^ acting on the 
partition function Z = of the theory. These operators act by shifting respectively the FI 

parameters and the masses by imaginary terms, 


©‘^Z _ , j — 1, • • 

• ,N, 

(5.53) 

= ZjYi^^Yrij — iqj •) j I? ‘ 

•• ,N, 

(5.54) 


where q = (gi, • • • , qn) is a iV-component vector. 


5.4.1 T[SU(2)] loops 

Let us start our analysis with the abelian theory T[SU{2)]. The partition function is given by the 
matrix model 

g2i7r(gi-52)o- 

ch((T — m 2 )ch((T — mi) 

One can evaluate this integral by closing the contour of integration by a semi-circle going through 
ioo (or —ioo) and summing over the residues inside the contour. This yields 



(5.55) 


Z = {-t)e 


2iTr^2im-i_+m2) 


g2i7r(^imi+g2m2) _ g2i7r(5im2+6™l) 

sh(^i - ^ 2 )sh(mi - m 2 ) 


(5.56) 


which agrees with (5.51) for N = 2. 

The matrix model computing the vev of a Wilson loop of charge g G Z is given by 

1 r p2i7r($i-^2)o- 


= (- 1 )’ 


g27r(jmig2i7r(5imi+g2m2) _ g27rqm2g2i7r(^im2+6”il) 
g2i7r(5imi+g2m2) _ g2i'7r(^im2+52m,i) 


(5.57) 


where we evaluated the integral at non-zero q by the analytical continuation >^1 .^1 — iq, following 

from our choice of deformed contour integral (see discussion after (5.36)).®® 

Let us turn now to the computation of Vortex loops. The T[SU{2)] theory has two fundamental 
hypermultiplets, which give rise to three possible splitting 2 = i -|- (2 — i), i = 0,1, 2, dehning three 
possible Vortex loops Using the result for the Vortex loop factor (5.45), computed from its 
right SQM quiver realization (and ignoring the factor if for the reasons mentioned before), inserted 
in (5.48) and with extra Wilson line (5.49), the matrix models computing the Vortex loop vevs are 

®®As explained before, divergent Wilson loops are computed by deforming the contour of integration. 


65 













found to 

(5.58) 


(5.59) 

(5.60) 

The mirror symmetry prediction (4.1) is recovered by our exact computations, namely 

W (^1,.), (5.61) 

where < > means that the operator vevs are equal under the exchange of masses rrij and FI 

parameters as required by mirror symmetry. 

The explicit results also show that the other Vortex loops Vo^g, V 2 ,g are mapped to the flavor 
Wilson loops of the mirror theory, as predicted in section 4.3. 

5.4.2 Wilson loops in T[SU(N)] 

We turn now to the non-abelian theories by considering Wilson loops in the T[SU{N)] theories. We 
pick a Wilson loop in an arbirary representation TZ oi a U{p) node, with 1 < p < iV — 1. The matrix 
model computing it decomposes into a sum of contributions labeled by the weights w of TZ 

. (5.62) 

wGTZ 

We compute now the matrix model associated to a single weight w = {wi,W 2 , ...,Wp). To 

simplify expressions we omit the factors depending on (and the integrals over) the eigenvalues 
with a > p in the matrix model because they do not affect the computation. With this simplihcation 
the matrix model is given by 


(Vo,,) 

iVu) 


— lim 

Z >1 

— lim 

Z >1 


da 

da 


g2fi7r(^l-g2)o' 


ch(cr — m 2 )ch(cr — mi) 

g2i7r(^i-52)o' 


g27rg6 _ g27r<jg2 _ _ g27ri}^2 

z 


= (- 1 )^ 


ch(cr — m 2 )ch(cr — mi + iqz) 

g27nj^ig2i7r(gimi+52m2) _ g27nj52g2i7r(^im2+52mi) 
g2i7r(^imi+52«i2) _ g2i7r(^im2+52mi) 


g27rg^2 _ g27r(jg2 




(^ 2 ,,) = 


— lim 

Z z—>-l 


da 


,2i7r(^l-$2)o' 


ch(cr — m 2 + iqz)ch.{a — mi + iqz) 


g27ni^2 _ g27nj^2 


6 Z 


^ /n 






(p) 6 


2i7r(^a-?a + l) E? V 


(a) 


n oi 1 / (a) iai\ 

i<fcSh(a) > -al>) 


r (“)';2 


a\ 


n a,a+i -I / [a) (a+l)\ 

A ch(a) ’ -al 0 


(5.63) 




The integration over the the eigenvalues with a = 1,..., p—1 just reproduces the partition function 
of with FI parameters = (■Cii ■^ 2 , • ‘and mass parameters a^P^ = {a^f\a!f\ • • ■ , ap^^). 

™In section 4.1 we denoted for simplicity Vq = Vi^q. 
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We can use the formula (5.51) to integrate them out (and relabeling = aj) 


W^^P\w) = - 


dP(j^P) ^T[SU{p)]^^{p) ^ 


2i-K{ip-ij,+t)YJ‘ -p-fP 

j<k 




hp )\2 


p\ 


Y . 


res„ 


p\ 




^2w -Wjaj 




Ch(a, - 

Relabeling the eigenvalues as cxj —>■ Crij) in each integral brings the matrix model to the form 

TP 

lj<k 


dP+l)> 


. (5.64) 




(Fa -—-— - 




reSn 


riLfc sh(Cj - ^k) 


m’rch(a,-ar^^) 


(5.65) 


o V~'P 

For each term in the sum over Sp the factor e ] 2 g reabsorbed as a shift of the parameters 

by —iwr{j), for j = 1, ...,p, at the cost of an extra factor (^_i)(p-i)(«'i+'^ 2 +...+«)p)_ ^jpg matrix model 
without these imaginary shifts is exactly Z (this can be seen by noticing that Z is the matrix 
model obtained when tc = 0). The evaluation of the integrals (with deformed integration contours as 
explained after (5.36)) then coincides with an analytical continuation of Z to complex FI parameters. 
We obtain 

W^^P\w) = ^^ e^-Z , (5.66) 

P' Q 


with Wtot = Y7j=i "^j Wr = {wr(i),Wr( 2 ),''' , Wr(p), 0, • • ■ ,0). We need to sum over these single 

N-p 

weight contributions to get the hnal result (5.62). Recognizing Sp as the Weyl group W of U{p), we 
can simplify the result using the property 


5I(iE^Ki) = E (pi E ^t'”i) “ ■ 

w(^Tt tGSp wGIZ rSW wGTZ 


This leads to our hnal result 

= (-i)(p-bi7^i 0{ioi,tO2,--- , 0 )^ 

w£TZ 


(5.67) 


(5.68) 


where we also used the property that for any weight w, = 1^1) l^^e number of boxes in the 

Young tableau of 77, and we replaced trivially Z by ^ dehned in (5.52) . 


5.4.3 Vortex loops in T[SU(N)] 

We now evaluate the matrix models computing the exact expectation value of Vortex loops in 
T[5[/(iV)]. The Vortex loops are labeled by a representation 77 of a U{p) node and, for the U{N — 1) 
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node, by a splitting N = M + {N — M) of the fundamental hypermultiplets (see section 4.3). We 
denote by V^\ 1 < P < ^ — 2, the U{p) Vortex loops and by Vm,tz the U{N — 1) Vortex loops. As 
for the Wilson loops, the matrix model computing a Vortex loop V-ji, which is labeled (in particular) 
by a representation TZ, decomposes into a sum of contributions labeled by the weights w of TZ 

{V-ji) = • ( 5 - 69 ) 

w&'R. 


This decomposition in a sum over weights follows from the evaluation of the SQM index (5.45), (5.47). 
We will be computing the matrix model V{w) associated to a single weight w = (tci,tC 2 , ■■■,Wp) for 
each Vortex loop. 

Let us hrst discuss Vortex loops in the U{p) nodes with 1 < p < V — 2. The prediction from the 
brane picture of section 4.3 is that such a Vortex loop must evaluate to a background Wilson loop for 
a global symmetry, depending on the parameters ^j, I < j < p. In the special case of the T[SU{N)] 
theory, the brane picture predicts that the Vortex loop will evaluate to a background Wilson 
loop transforming in a representation IZ of the topological symmetry subgroup V(p) <ZU{N)j = Gc 
acting on the Coulomb branch, associated to the deformation parameters 1 < j < p. 

To compute the vev of this Vortex loop, we choose to consider its left-SQM quiver realization. 
The matrix model is given by (5.48) with the defect contribution (5.47) and additional background 
loop (5.49). We simplify the matrix model by replacing the factors depending on the eigenvalues 
with a > p, which do not affect the computation, by /[•■■]• This gives for the contribution of a 
single weight w = (tci,tC 2 , • • • ^Wp) to the Vortex loop 


V^P\w) = 


lim — 

Z^l Z 


g27ru?tot 




a\ 

TP-^,P 




(a+l)^ 


n^.r’"ch(a} 


— a 


{p}') 




+ iwkz) 


nj<fcSh( 


= lim — 

z— Z 


a\ 


(a) 


a 


( a )\2 






^ g27rit;tot ^p 




ch(aj^ + iwkz) 


(5.70) 


where Wtot = Yl^k=i = l”^!- We remind that lim^_,.i means that we compute the matrix model for 
z G zM and analytically continue the result to z = 1. For z G iM, we recognize in the integrand the 
matrix model computing the partition function of T[S'17(p)] with FI parameters = (^i, ^ 2 , • • • , ip) 
and shifted mass parameters — iwz = (cr|^^ — iwiz, — iw 2 Z, • • • , — iwpz). We can use 
















(5.51) to evaluate it and easily perform the analytic continuation to z = 1 


V^^\w) = lim — 


1 

Z 




.^)^%^g-2i7r5p Ej ('_x)(p-i)«'tot 


n^fe sh(^x - Cfc)sh(aj^^ - 


(5.71) 


Note that the background factor canceled in the limit z = 1. One can now pull out the 

sum over permutations r G S'p and play with eigenvalues relabelings (knowing that the 

hidden factors in [• • ■ ] are invariant under such relabelings). After several operations we can pull out 
of the integral the factors depending on the weight w, 


T&Sp 






E 


T&Sp 


-lye 


27ri y2^ 

t{j) 


ni<fcSh(ex - efc)sh(crj^^ - a^’) 


Ap)') 






pi 


T&Sn 


^T[SC/(p)]j^(p)^^(p)| _ 


(5.72) 


In the last step we have re-transformed the matrix model integrand into the partition func¬ 

tion, but with unshifted mass parameters. The resulting matrix model is simply the bare 
matrix model, which cancels with the normalization 1/Z, leaving only the w dependent prefactor 


V^\w) 


(- 1 ) 


(p-l)tOtot 


1 

p\ 


T&Sp 


(5.73) 


The full Vortex loop vev is obtained by summing over all the single weight contributions. Using 
(5.67) we obtain 

(14^)) = (_i)(p-i)|7^l , (5.74) 

wGTZ 


where |77|(= Wtot) is the total number of boxes in the Young tableau associated to the representation 
77. Up to the overall sign factor, evaluates to a background Wilson loop in the representation 
77 of the U{p) C U{N)j subgroup of the topological symmetry acting on the Coulomb branch. This 
is precisely the prediction (4.7) derived from the brane picture. 

^^The analytic continuation z —>• 1 can be directly taken in the integrand for the factor nj<fc sh“^(tTj^^ — — 

iwjz+iwkz), as no pole crosses the contour of integration when z —)■ 1. This is because the rest of the matrix integrand 
has uu sh(crj^^ — factors, which kill the poles of the first factor. We will rely on this property on several other 
occasions. Enforcing z = 1 simplifies the factor to (—n5'<fc “ ^fc^^)- 
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We now turn to the evaluation of the vevs of the Vortex loops VM,n of fhe U{N — 1) node. 

Note that the Vortex loop vev associated to the splitting of hypermultiplets N = N + 0, can 

be evaluated in exactly the same fashion as the vevs of the loops, leading to the result (5.74) 
with p = N — 1 and reproduces our prediction (4.8). 

In order to evaluate the Vm,ti vevs, we are going to consider their “right” SQM realization, 
namely we choose to insert in the 3d matrix model the right SQM index (5.45) with the additional 
background loop (5.49). Again we start by considering a single weight contribution Vm{w), with 
w = (tci, • • • and we simplify the matrix model by replacing the factors irrelevant to the 

computation by /[■■■], 


Vm{w) 




^ gS-TT^JV'U'tot 


d^'a nf<;sh^(a.-a,) 

- m,) 

nf=i nf ch(m, - g,) 

Uk=i Uf ch(mfc - aj - iWjz) ’ 


(5.75) 


where aj denote the eigenvalues of the U{N — 1) node and we dehned N' = N — 1 for convenience. 
The cancellation between numerator and denominator factors leads to 


Vm{w) = lini — 

z —>■! ^ 


a 

m 


p27r^iV'ft^tot 


n N' 1 2 




cr-i 


n 


N 


nf ch((Tj - rrik) nf 1 nf ch((Tj + iWjZ - rrik) 


tM 


N' 


(5.76) 


We compute this matrix model by using a generalized Cauchy determinant formula. Let us remind 
the Cauchy determinant formula 


j sh(ai 


CTi 


nf i sh(ai - aj 


n*f ch(cri 


(^j) 


tGSn 


- 1 )^ 


nf ch{ar(j) - aj 


(5.77) 


A generalized version of this formula, for N>N,A = N — N, is 

nf J sh(cTi - aj) nf sh(?i - aj) 


nfnfch(a,-?, 


N 


,-7rA(cr^y)-(Tj) 


N 


-irJ 


n' 

j=N+l 




V 2 ^ 


(6.78) 


We use this formula in the matrix model to replace the factor depending on the weight w, with 
A = N' -M, 

1 (-1)^^ 


njli nf 1 ch(cTj + iWjZ - rrik) UZj - Wj)z) UZj - mj) 


rN' 


M 


M 


g TT A {(T^(j J) 2: 777j ) 


X y (-irTT . , , 

r7Z„. 7=1 ■ ’v) Am 


N' 
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We may now plug this result into the matrix model and pull out the sum over permutation r G S'at' 


Vm{w) = lim V 
2—^1 ^ 


- 1 )’ 


d^' 


a 


nf<; sh^(a, - a,) nf:M+. 


tSSa 


nA:=M+ini di{aj-mk)]\.^.s\i{ai-a^ + i 


i<] 


Wi 


Wj)z) 


X 


g27r^jv«'tot ^ g-7rA((T^(j)+i«;^y)2-mj) 


n 


(5.79) 


ni<, - mj) fJi ch(a,(,) + tWrij)Z - m,) 

We can simplify the result by taking directly setting x = 1 in the factors in the hrst line of (5.79), 
which just produces a sign. This is justihed because these factors do not have poles crossing the 
integration contours as x goes from 0 to 1. We obtain 


Vm{w) = 


lim > 

2-5-1 

tGS ]\[/ 


- 1 )’ 


(-i)A^-tot(_i)(iv+M)Ef:M+i-.0) n;^', Sh(a, - aj) 


N'\ 


_ i<j 

ULm+i nf ch(aj - TUk) 


X 


g27r^jv«'tot ^ g-7rA((T^y)+j«;.,.y)2-mj) 


n 


Uf^. sh{mi - mj) fJi ch{ar(j) + iWr(j)Z - rrij) 


N' 

n 

j=M+l 




(5.80) 


It is now possible to relabel the eigenvalues (TtH) t-G (Jj in each integral and recognize each term in 
the sum as the same matrix model with shifted masses rrij —>■ rrij — iWr{j)Z, for 1 < j < p. The 
shifted matrix model is simply the bare partition function Z, as can be understood by taking wj = 0 
for all j. We have precisely 


nf;,sh((r, - a,) 


Vm(w)= lim^ E 1 /[■■■] 

■ res^, 


Ilk=M+iIlj ch{aj-mk) 


X 


_]^^AM g27r^jV«)tot ^-iTA{crj+iw^(^j)Z-mj) 


n 


Yli^. sh(mi - TJij) fJi ch(cTj + iWr^j)Z - rrij) 


N' 

n 


27rc7. 


M' +M+1 


3 

— g27rgiV'»)tot r -^\Mwtot ^ — Tie'll "'tO) ilgw'Af.rE 

^ ^ N'\ ^ ^ ’ 7 ’ 


J=M+1 


(5.81) 




where wm,t = (‘Wt(i),'Wt( 2 ), ■ ■ ■ , 0, ■ ■ ■ ,0). Summing over the weights w of the representation 


N-M 


IZ and using (5.67) yields the hnal result 


{VM,n) = (-l)^l^l 


(5.82) 


wGTZ 


where wm = {wi,W 2 ,--- ,0). To check mirror symmetry, it is useful to re-express the 


N-M 


result in terms of which is manifestly invariant under the exchange of mass and FI parameters. 
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(5.83) 


w&'R. 

where we have reabsorbed (—1) factors into an imaginary shift of with We 

remind the reader that we did not keep track of the overall sign in the evaluation of the SQM index, 
so that our evaluation of Vortex loops are only valid up to an overall sign. 

This completes our evaluation of the matrix models computing the vevs of the T[SU{N)] Vortex 
loop operators. 

5.4.4 Mirror Map 

With all the computations out of the way, it remains to confirm the rest of the mirror map predictions 
of section 4 between loop operators in T[SU{N)]. Let start with the simplest case of the Vortex loop 
VN-i,n discussed in section 4.2. Its vev is given by (5.83) with M = N — 1, 

(VV-l,7^)= (5-84) 

w&'R. 

where we used Yl!j=i — "^tot = \'n\- Recalling the vev of the Wilson loop in the U{N — 1) node 
given by (5.68), 

= (-l)^l^l 1 ^ (5.85) 

w(^TZ 

we observe that the two vevs are mapped, up to an irrelevant sign, under the exchange of the masses 
and FI parameters rrij -H- ^j, 

(M/P"-'!) 4=^ (5,86) 

This is precisely the prediction (4.4) of mirror symmetry obtained from the brane picture. 

The more complicated mirror symmetry predictions of section 4.3 are also easily checked with 
our explicit exact results. The formula (5.83) for the VM,n loops vevs expresses a decomposition 
into contributions labeled by representations (q, TZ) appearing in the decomposition of TZ under the 
subgroup f/(l) X U{M), where U{M) is embedded as U{M) xU{N — M — 1) cU{N — 1) and f/(l) 
is embedded diagonally in U{N — M — 1), 

U{N-1) ^ U{l)xU{M) : 0(q„:^Q, (5.87) 

sGAm 

where Am denotes the set of representations (q, TZ) in the decomposition of TZ counted with degen¬ 
eracies. Equation (5.83) can be re-expressed as 

s&Am weiis 
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(5.88) 









The factor ^ &^Z is labeled by a representation TZs of U (M) and is mapped nnder the 

exchange of mass and FI parameters to the vev given in (5.68) of the U{M) Wilson loop labeled by 
a representation TZg. We obtain the explicit mirror symmetry map 

, (5.89) 

» ^ I'Cs 

s^Am 

where we have used Tq^ = \7l\ and + is a fundamental hypermultiplet mass in the 

mirror dual T[SU{N)], shifted by an imaginary number to reabsorb (—1) factors. This expresses the 
fact that the VM, 7 e Vortex loop is mapped under mirror symmetry to a linear combination of 
Wilson loops combined with flavor Wilson loops. This reproduces the mirror symmetry prediction 
(4.6) found by studying carefully the brane realization of the loop operators and their mapping under 
S-duality, up to the imaginary shift of mAr = This imaginary shift of the flavor parameter in the 
background Wilson loop is curious and would deserve more investigation. 

This completes successfully the checks of mirror symmetry for the T[SU{N)] theory. We have 
found that T[SU{N)] Wilson loops and Vortex loops can be expressed as operators acting on the 
partition function by imaginary shifts of the FI or mass parameters (see also [50]). More generally, 
in all T^[SU{N)] linear quiver theories it seems possible to express Wilson loops / Vortex loops as 
operators acting on the partition function by imaginary shifts of a “generalized” set of FI parameters/ 
mass parameters, (we will not provide a proof of this result in this paper). 


5.5 Loops In SQCD 

As our hnal example, we consider loops in the U{N) theory with 2N fundamental and its mirror dual 
theory, discussed in section 4.5. We focus on the prediction (4.15), relating the Wilson loop IFt^ of 
the U{N) theory to the Vortex loop of the mirror theory. The other mirror maps (4.16) can be 
easily checked with the explicit matrix models computing the vevs of the operators, by computations 
essentially identical to those presented above for the T[S'f/(V)] loops. 

We denote >^1 “■^2 fhe FI parameter and m^, a = 1, • ■ ■ , 2N, the masses of fundamental hypermul- 
tiplets in the U{N) theory, — ^a+i, a = 1, ■ ■ ■ , 2N — 1, the FI parameters and fhi, m 2 the masses 
of fundamental hypermultiplets in the mirror theory. The matrix models computing the partition 
function of the U{N) theory and its mirror dual are given by 


Z = e'^ 


Z = 


n.xj - gj) 

nfnfch(^i-™a 


g27ri(5l-C2)Ef Cj ^ 




(Ti (Tj) 


nf ch.{aj - mi)ch(crj - 


(5.90) 

—- W.2v;ai..A.] , 
m 2 ) 

(5.91) 


where we used to fact that the mirror theory can be decomposed into three pieces: two T[S'[/(iV)] the¬ 
ories (left and right parts of the quiver in hgure 33-b) whose SU{N) hypermultiplet flavor symmetries 
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are gauged with the U{N) gauge symmetry of the central node (which has two more hypermultiplets 
by itself). The matrix model is then a combination of these three pieces and can be expressed using 
two T[SU{N)] partition functions with mass parameters identihed with the U{N) node eigenvalues 
aj and FI parameters as indicated. We have also added background Chern-Simons terms given by 


g</> _ g27rig2 Ea=l = g27ri(mi+m2)Ea=iV+l?a 


(5.92) 


which are unphysical, as they belong to the set of hnite counterterms parametrizing ambiguities of 
the partition function, but are useful to obtain partition functions which match exactly under mirror 
symmetry, namely under the identihcation 

■ (5.93) 


This result will follow from our computations. 

The matrix model computing the vev of a Wilson loop W-ji in the U{N) theory is given by 


{Wn) = Y, W{w) 


wGTZ 


W{w) = - 






m n; nr ch(a, 

Using twice the Cauchy determinant formula (5.77) we hnd 

1 


g27ri(Ci-52)Ef 


rUn 


d^a 


g27rEf wjaj g27ri(^i-^2)Ef 


W(w) = (-1)^+^' - , 

^ J N\ ch{aj - mr{j))ch{aj - m^/(j)+7v) ’ 


(5.94) 

(5.95) 


(5.96) 


where we dehne = ni<a<b< 7 v®h(^a ~ a;6)sh(a;a+Ar — Xb+N)- To compute the integrals we use 

the identity 


da- 


^2772/3(7 


^2ni(3Mi _ g27r2j3Af2 


= [-1 


ch((T — Mi)ch((T — M 2 ) ^ ^ sh/3 sh(Mi — M 2 ) ’ 

analytically continued to /9 G C. After simplihcations we obtain 

(_l)r+r' 


..S„ ^ A'!nK]sh''(6-6) 

^ g27ri(Cim^(j)+6m^'{j)+iV-™j™-r{i)) _ g27ri(6mT(i)+Cim^'(j)+iv-*«'j™-r'(j)+Ar) 

xll 

i=i 


sh.(?77'7-Q) 


(6.97) 


(5.98) 


We now turn to the mirror dual operator which should be the Vortex loop , according to the 
discussion in section 4.5. We compute its vev from its 3d/ld realization with the left SQM. The 
matrix model following from (5.48), with SQM factor (5.47) and background loop (5.49) can be 
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expressed after cancellations of factors of cli as 


viS) = E 


(6.99) 


wGTZ 

V (w) = — lim e'^ e27r«)totCiv / —^ 

^ ^ J N\ 






X ^[ - eAr+i 2 n; a a , 

n J\J - r . ^ X - y ^ \ L 'SJV -ri..^JV 7 JJ 7 

. cn(aj — tWjZ — m2)ch.[aj — mi) 


(5.100) 


Plugging the explicit values (5.51) leads to 


V{w) = ilini (“1) 

7 z—>-l 


T+T' 


/ e^TT^tot^Af r 


^r^(j)+iv) 




N\ ]))[^ ch.{aj — iWjZ — m2)ch.{aj — mi) 


N 




sh((Ti - aj) 


i<j 


sh((Ti — aj — i{wi — Wj)z) 


(5.101) 


As we did already several times, we can plug directly z = 1 in the factors on the second lign, since 
these factors do not have poles as ^ goes from 0 to 1. The ratio of sh factors then simplihes to 
(_l)(^-i)«'tot fjpg remaining integrals can be performed using (5.97) and the hnal result can be 
analytically continued to 2 ; = 1. After simplihcation, we obtain 


V{w)= J2 


(-1) 


T+r' 




t.t'sSjv 


77!n[^a]sh (mi-m 2 ) 


xn 

i=i 




®h-('^r(j) Z'{j)+N) 


(5.102) 


This matches precisely (5.98) upon identifying FI and mass parameters {^i,^ 2 ,'m>a) = (fhi,m 2 ,Ca), 
up to a sign, which was not carefully analyzed in the computations leading to the matrix models. 
This conhrms the mirror symmetry prediction (4.15) 


y{N)\ 


mirror 

^ 


(f^7^) 


(5.103) 


We notice that the partition functions Z and Z can be found by setting to zero the weight w and 
removing the normalization factors Z~^ and Z~^ in the formula for W{w) and V{w) respectively. We 
observe then that Z and Z are exactly mapped under the identihcation = {.'^i,'^ 2 ,Z)- 

This would not have happened if we did not add the unphysical phases e'^ to the matrix models. 


5.6 Hopping Duality 

We have been claiming several times that each Vortex loop can be realized (at least) by two different 
3d/Id defect theories, which are read from the brane realization by moving the Dl-branes to the 
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closest NS5 on the left or on the right. The equivalence between the two defect theories is called 
hopping duality, in analogy with [21] (see also [8]). We can show that the partition function of 
the two defect theories indeed match. 

Consider a Vortex loop in a certain 3d quiver theory, labeled by a representation 7^ of a 

U{N) node and a splitting K = M + (K — M) of the K fundamental hypermultiplets of that node. It 
is realized by a brane conhguration of hgure 38-a, with \R,\ Dl-branes ending on N D3-branes with 
K — M D5-branes on the left and M D5-branes on the right. The associated left and right 3d/ld 
theories are shown in 38-b. 


a) 


,_ X 

X 

CO 

1 

(k) 

C 

)1 

N N 

^ r 








K-M M 




Figure 38: a) Brane realization of the Vortex loop The k = \TV\ Dl-branes end on NS5/NS5’-branes which 

are not shown in the picture, b) Left and right 3d/ld quivers read from moving the Dl-branes to the NS5 on the left 
or on the right, related by the hopping duality. 


The matrix model associated to the right 3d/Id theory and computing is given by 5.48 

with the Id index 5.45: 


(^iS)right = Jim 
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wGTZ 
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IWjZ 




, (5.104) 


where [ • ■ ■ ] indicates the matrix model associated to the other nodes of the 3d quiver, which play 
no role in the check of the hopping duality, and are the “FI parameters” associated to the 
left and right NS5-branes is the FI parameter of the U{N) node), rria are the masses of 
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the fundamental hypermultiplets and cr* and cr^ are the eigenvalues of the U{Ni) and U{Nr) nodes 
standing respectively on the left and on the right of the U{N) node in the quiver diagram. This 
simplihes to 


(^iS)right = lim 


d^a 




sh^(cTi - aj) 


2—^1 ^ Z 

wG'R 


N'- n; [ nf nf=M+i - m.)] 

^2wir\Tl\ 


nf [ nili ch(ma - aj - iWjz) nfli ch(a^ - aj - iwjz)] 


(5.105) 


The meaning of the z —?• 1 limit, as explained after equation 5.48, is to take the analytical continuation 
of the matrix model computed with iz G M. We can thus perform the change of variable aj —>■ 
aj — iWjZ, leading to 


(niff )right = lim 


1 f d^a sh^(o'i — o'i — 'i{wi — Wj)z) 


wGTZ 


nf [ n* ' ch(a^ - aj + iWjz) nf=M+i ch(ma - (Jj + iwjz)] 

|7^| 


nf [ Ua=i ch(ma - cTj) [ifli ch(cr^ - a. 


(5.106) 


The analytical continuation z —)■ 1 can be taken directly in the integrand for the factors in the 
numerator, because they do not have poles for z G C. The expression then simplihes again and 
matches the matrix model computing (ifff) from the left 3d/ld theory realization: 


(n 


(TV) 

M,n 


Uu = lin; E 1 / 


d^ 
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e2<,|7e| 


wGTZ 


~ WM,7e/left 5 


nf [ n* ' ch(a^ - aj + iWjz) nf=M+i ch(ma - aj + iwjz)] 


^27Ti{^l O-j 


n*f i sh"(cri - aj] 


nf [ nili ch(ma - aj) nfli ch(a^ - aj)] 


(5.107) 


where we have used sh(a; + in) = (—l)"’sh(x), for n G Z. This is indeed the matrix model associated 
to the left 3d/ld theory given by 5.48 with the Id index 5.47, after simplihcation of some factors of 
ch. Note that the additional background Wilson loop is important to get a precise match. 

The hopping duality also explains the equivalence of Vortex loops labeled by representations of 
different nodes. This occurs for instance for the Vortex loops of circular quivers with nodes of equal 
ranks described in section 4.4 (see (4.13), (4.14)). 

Consider the quiver in hgure 39-a with two adjacent nodes U{Ni) and U{N 2 ), with Ki and K 2 
fundamental hypermultiplets respectively and assume Ni > N 2 . The vortex loop with 77i 

a representation of U{Ni) and the subscript 0 indicating the splitting Ki = 0 + {Ki — 0), can be 
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Figure 39: a) Brane realization of the Vortex loop (with k = |7^i|) and associated right 3d/ld theory, b) 

When the numbers of D3-branes on both sides of N5-branes are equal, namely the ranks of adjacent nodes are equal, 
the Dl-branes can be moved across the NS5-branes. The Vortex loops they realize are all equivalent. 


computed from the matrix model associated to the right 3d/ld theory: 


/ (ATi). ^ 1 f , 2/ \ it u2/~ 

(Fk. >ri!M = lim E y / jv,!V,! n=‘' 

wGTZi i<j i<j 


„27r^,. |7^l I 


Kj 

Ni N 2 

n n chCdu — (To — iwjz) . 

7 = 1 fc=l ^ ^ > 


(5.108) 


where we indicated only the matrix factors inserted by the Id defect and part of sh factors of the 
two nodes, which will play a role in the check of hopping duality. Moreover the ch factors in the 
numerator of (5.45) have been canceled by the matrix factor of the U{Ni) x U{N 2 ) bifundamental 
hypermultiplet. This Vortex loop is realized by the brane conhguration of hgure 39-a with \TZi\ 
Dl-branes ending on the Ni D3-branes supporting the U{N — 1) node and standing to the right of 
the Ki D5-branes. 

In the simplest case when Ni = N 2 , we have argued that the Dl-branes can be moved to the 
right of the NS5-brane without changing the loop operator inserted. When Dl-branes stand on the 
right of the NS5-branes, they realize a Vortex loop with 7^.2 a representation of (/(W) and the 

subscript K 2 indicating the splitting of U{N 2 ) fundamental hypermultiplets K 2 = K 2 + {K 2 — K 2 ). 
The left 3d/Id theory associated to actually the same as the right 3d/ld theory associated 

to except for one important difference, which is that the FI parameter of the terminating 

SQM node (the node with Ni fundamental and N 2 anti-fundamental chiral multiplets) is positive for 
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negative for The matrix model computing from the left 3d/Id theory is 

given by 


/ (Afa) \ 1- ^ -I^ , 2/ ^ IT n 

(frii,)ieft = lim E ^ / iVi!iV2! (a. - a,) H^h 

wGT 12 i<j i<j 


ICTi - (T,- 


. e 


Kj 

Ni N2 

2-Kir\Tl2\ nn 


Li ch(crfc - iWfcZ - CTj) 


(5.109) 


When W = we must hnd as the Dl-branes realizing the loops can be 

moved freely across the NS5. Let us consider this case first. Starting from the matrix model (5.108) 
computing {Vq^'^), with Ni = N, we can use the same trick as above and make the replacement 
sh((Ti — aj) —)■ (—l)(^“i)l^l ~ ~ the integrand. This allows us to 

use the Cauchy determinant formula (5.77) with aj —)■ aj + iwj, leading to 


(fro,?^)nght = Jim E E ^ / ^]2 ^ 

wGTZ tGSn i<j i<j 


-1) 


(V-l)|7e| ^2nirm 


n, ch{ar(j) + iWr(j) - aj) 


(5.110) 


Relabeling aj —)■ ar-i(j) and aj —)■ ar(j), we obtain 

d^ad^a 
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.1 hi 


( 5 . 111 ) 


where we have used the Cauchy identity to obtain the second equality and we have again enforced 
z = 1 in the sh factors of the integrand to reach the matrix model (5.109) computing with 

N 2 = N. 

This shows that the Vortex loops realized by Dl-branes ending on the left or on the right of 
an NS5 with equal numbers of D3s on both sides are equivalent. Combining this property with 
the hopping duality between the left and right 3d/ld quiver realization of a Vortex loop, we prove 
the equivalence of Vortex loops in circular quivers with nodes of equal rank (4.13), (4.14). This is 
illustrated in hgure 39-b. 
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When Ni > N 2 the map of Vortex loops is more complicated. It can be found from the brane 
picture in the same way as we found mirror maps between loop operators. We consider the brane 
realization of with \TZi\ Dl-strings ending on the Ni D3-branes as in hgure 39-a. As Ni > N 2 , 
the NS5 has a D3-spike on its left side. We then move the Dl-branes to the left, across the NS5-brane. 
Some Dl-branes can be moved along the D3-spike and get attached to the NS5-brane, realizing flavor 
Wilson loops for the U{1) global symmetry associated to the NS5-brane. The other Dl-branes end 
on the N 2 D3-branes on the right of the NS5 and realize a Vortex loop Recycling the ideas 

of section 3.2, the precise prediction from the brane picture is found to be 



(5.112) 


where A is the set of representations (qs,7^s) appearing in the decomposition of TZi under the 
subgroup f/(l) X U{N 2 ) C U{Ni — N 2 ) x [/(W) C U{Ni), with f/(l) embedded diagonally into 
U{Ni — N 2 ). IVjvs 5 ,q denotes the Wilson loop of charge q under the U{1) topological symmetry 
associated to the NS5. 

This map can be checked by explicit computations, using the generalized Cauchy formula (5.78). 
It implies that the Vortex loops Vq^ and redundant and that in order to describe the 

mirror map with Wilson loops of the mirror theory, it is sufficient to consider only the loops or 

the loops In general for each pair of consecutive D5-branes in the brane picture, we need only 

to consider the Vortex loops realized with Dl-branes placed between the two D5-branes, with a hxed 
number of NS5-branes on their left and on their right. This is the mirror statement to the fact that 
between two consecutive NS5-branes, we need only consider Wilson loops realized with Fl-strings 
placed between the two NS5s, with a fixed number of D5-branes on their left and on their right. 
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A Supersymmetry Transformations On And SQM Em¬ 
bedding 


We provide here the 3d A/” = 4 supersymmetry transformations of the vector multiplet and hyper- 
multiplet on S^. By restricting to the four supercharges preserved by the SQMy deformed algebra 
S'f/(1|1); X in (5.19)(5.20), we work out the embedding of the Id A/” = 4 vector and chiral 

multiplets inside the 3d A/” = 4 vector and hypermultiplets. 

The 3d A/" = 4 supersymmetry transformations are generated by the four two-component Killing 
spinors ^ with A = 1 , 2 the index of the 2 of SU{2)c and A' = 1 , 2 the index of the 2 of SU(2)h- 
The transformations of the 3d A/" = 4 abelian vector multiplet (A^, 4)/, D//) are^^ 


6A^ = 
= 


5D/. = 


-^Df.XAA'ltMM'^' b'€^^' - ^XAA'XfiM^'B'D^e^^', 


where tj = tj/ are the Pauli matrices. I = 1,2,3 is the index of the 3 of SU{2)c while I' = 1,2,3 
is the index of the 3 of SU{2)h- The Killing spinors and generate the 3d A/" = 2 

supersymmetry transformations in SU{2\l)i, while = eji and = ept generate supersymmetry 
transformations in SU{2\l)r. 

The 3d A/" = 4 vector multiplet decomposes into a 3d A/^ = 2 vector multiplet (A^, 4 ) 3 , A^^, D 3 ) = 

(A^, a, A, A, D) and an adjoint chiral multiplet (4)i -|- i^ 2 , A^\ Di + *□ 2 ) = 

SQMy embedding 

The four Killing spinors generating the deformed SQMy algebra are (see section 5.2) 


= 






(A.l) 


In the left-invariant frame, e; and q are constant, while and have a spatial dependent phase 
gjr/L g-*r/L respectively, where r G [0, 27rL] is the coordinate along the loop. We recall that the 
equations solved by the Killing spinors are 


1 

_ t _ 

(A. 2 ) 

i 


(A.3) 


where L is the radius of S^. The supersymmetry transformations under the supercharges in deformed 
derived these transformations by “covariantizing” the 3d W = 2 transformations of [4]. 
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superalgebra SQMy reduce 
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6i>i 


511)2 


“2 (-^1^2 + A2ei - i)2ei - ipih) 

(-Aie2 - A2ei - -0261 - 0162) 


Aie2 + 02ei 5$ =-A2ei - 0162 
D 3 - 2-^12 + ^ j “ *-Dr*^>3ei + % ( Dr^ 




77-^12 + ^ 1 62 - i-Dr *^’3^2 - i ( 1 62 
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D. 


i d) 3 \ - _ / _ 

D 3 - 2-^12 + ^ ) '"I + iDr^^ei + ^ ( Dr^ + 

- (03 - ^Fi 2 + ^ j 62 + iDr^'ie2 - 1 - i^j 62 , 


(A.4) 


where $ = $i + id >2 and we have adopted 3d 70 = 2 notations Aq,, A^, ijja, 0a for the fermions, with 

a = 1,2. 

These correspond to the supersymmetry transformations of a Id 70 = 4 SQMy abelian vector 
multiplet (see for instance [18]) but in the presence of a background gauge held a_ = — ^ for the 
17(1)_ R-symmetry, generated by J_. The presence of the background gauge held a_ = — ^ ahects 
the covariant derivative of <h, $ in the transformations above. The identihcation of the helds in the 
3d 70 = 4 vector multiplet with the helds of the Id 70 = 2 vector and adjoint chiral multiplet that 
furnish a Id 70 = 4 SQMy vector multiplet is 


- i $3 

Id vector multiplet : (u.^, 2 : 3 , A_, A_, T>)id ~ (A^, < 1 ) 3 , A 2 , Ai, D 3 --F 12 + —), r_ = 0 (A.5) 


Id chiral multiplet : (xi + ia; 2 , 0 , 0 )i(i ~ (< 1 ), 02 , 0 i), r_ = — 1 , 


(A. 6 ) 


where we have indicated the f/(l)- charges of the Id 70 = 2 multipletsT'^ the Id 70 = 2 vector 
multiplet helds have vanishing 0(1)- charge, while the helds xi + 1 x 2 and 0 in the Id 70 = 2 SQM 
adjoint chiral multiplet have 0 ( 1 )- charge —1 and 0 charge 1 . 

We now turn to the 3d 70 = 4 hypermultiplet supersymmetry transformations. These do not 
admit an oh-shell formulation, so we provide the on-shell supersymmetry transformations: 

50^' = -0a6^^' (A.7) 

50^ = D^(t)A' + ■ (A. 8 ) 

do not give the supersymmetry transformations of the auxiliary fields and transverse gauge fields, which 
combine into another Id W = 4 chiral multiplet. 

^^[/(l)- is a global symmetry from the point of view of the Id Af = 2 subalgebra, so that each N = 2 multiplet 
comes with a U{1)- charge. 
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(0^,—"0^) and (0^,0^) are two on-shell chiral multiplets of 3d TV = 2 supersymmetry of R-charge 
1/2 transforming under complex conjugate representations of the gauge group. 

Restricting to the same four supercharges generating deformed SQMy as above, we obtain 


50^ = 

< 5 ( 02)1 = 
(502 = 
(5(0^)2 = 
< 5 ( 0^)2 = 


(0^)R2 - (0^)ie2 

ieiR>^0^ i(<h3 - + i5>0Vi - i{Di - iR)2)0^e2 

ieiDrCt)^ - i($3 - -f i<h0Vi - i{Di - iD2)(t)^e2 

(0^)261 - (02)261 

-ie2D^(p'^ + i(<h3 + + *$ 0^62 - i{Di + iD2)(j)^ei 

-ihDr(f - i(<h3 + 7^)0^e2 + - i{Di + iD2)4>^ei. 


(A.9) 


This matches the on-shell deformed supersymmetry transformations of two Id A/" = 4 chiral 
multiplets (0,0+,0_)q^ ~ (0^, (0^)i, (02)i)_i and (0^, ( 0 ^) 2 , ( 02 ) 2 ) 1 . The shift of $3 in the su¬ 
persymmetry transformations is identihed with a real mass deformation with complex parameter 
mp = for a flavor symmetry Gp, such that the Id TV = 4 chiral multiplets have Gp charge 
qp = =|=|. The term (ZTi -|- iD 2 )(f>^ in the on-shell Id TV = 4 supersymmetry transformations arises 
from a superpotential coupling. In the off-shell transformations it gets replaced with a complex 
auxiliary held. 

We note that the mass deformation obtained by giving a background to the Gp havour symmetry 
is not visible anywhere in the transformations A.4, which means that the adjoint chiral multiplet 
with bottom component $ = $1 + i ^2 is not charged under Gp. This allows us to identify this havor 
symmetry with 


Gp = 4 + j; - Rh . (A. 10 ) 

Moreover the background gauge held = —^ for J_ is not visible in the transformations (A.9) of 
the chiral multiplets with bottom components 0 ^ and 02 , which means that these multiplets are not 
charged under J_. We then have the identihcation 

J_ = J 3 + J 3 -Ry. (A.ll) 


This identihcation of generators allows us to match the deformed SQM^ supersymmetry algebra 
with the 517(111); x 517(1 |l)r subalgebra preserved by the defect, as explained in section 5.2. 


B Evaluations of the SQM Index 

In this appendix we compute the Id TV = 4 SQM index, or partition function on 5^, for some quiver 
gauge theories with generic 17(1)_ R-symmetry background z and U{l)p havor chemical potential 
/i = 1, as dehned in section 5.3.2. The R-symmetry and havor symmetry charges are summarized in 
table 6 and the specihc adjoint R-charges are given in equation (5.43). 
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B.l U{k) Theory With N Fundamental And M Anti-fundamental Chirals 


We consider a Id A/” = 4 SQM gauge theory with U{k) gauge group and N fundamental chiral 
multiplets with real masses —(Tj, R-charges r+ and Gp flavor charge g+, and M anti-fundamental 
chiral multiplets with masses nia, R-charges r_ and Gp flavor charge g_. Mass parameters are in 
units of the inverse radius. As explained in the main text the charges obey the superpotential 
constraints r_-|-r+ = 2 and q-+qp = 1/2. We introduce the complex parameters aj = aj+iq^+i'^z 
and rha = rua — iq- — i^z. Importantly we take a negative FI parameter C < 0- This corresponds 
to the choice of FI parameter when the Id A/” = 4 theory is read by moving the Dl-branes to the 
right NS5-brane. 

The partition function is given by 


I = JK — Res( — 


TT -A- sm[-n{ui - uj)] 


n 


k\ \sin(7rz)/ sin[7r(wj — uj — z)] 

1 7= J 

sm[-7i{ui - iaj - z)] sm[-7r{-ui + irha - z)] 

11 11 • ^ ^ M “W 


/=i \j=i sin[ 7 r(M 7 - i&j)] sin[7r(-M/ -f irfia)] 


= — (2f sin(7r2: 


k\ 


))-‘ fn*' n 

T _1 T-L 7 


7=1 If^J 


sin[-7r(Mj - uj)] 
sin[ 7 r(M 7 — uj — z)] 


IT I IT “ ^)] sin[-7r(-M7 4- irha - z)] 

VM sin[7r(M7 - Bj)] IJj sin[7r(-M/ + ima)] 


(B.l) 


(B.2) 


where the integration contour is dehned so that it picks the residues at the poles from the fundamental 
chiral multiplet factors, namely factors in the product fl^i- particular it does not pick the poles 
from factors in the product flA,/ 11 Ai- This follows from the dehnition of JK — Res,^ for C < 0, 
reviewed in the main text. This integral has poles at u} = i&j, j = 1, • ■ ■ ,N, however, due to the 
sin[—7r(M/ —Mj)] factors, we get a non-zero residue only when each u} hits a different Bj, in particular 
we have non-zero residues only when k < N. A non-vanishing residue at u* = {u*j}i<i<k is then 
associated to a decomposition k = Ylk=i with fci, • ■ ■ ,kN^ {0,1}, where kj = 1 li u} = Bj for a 
given I and kj = 0 otherwise. This residue contribution appears with a multiplicity k\, corresponding 
to permutations of the u*j. The partition function is then expressed as 

1 = y !(/.,) . (B. 3 ) 

^ 1 , • ■ ■ ) £ { 0 , 1 } 

Ef=i kj = k 


with 


Af , r- - I V7 7 ^ 1 ^ ^ 

^ ^ (- iyN+M)k JJ' - aj + i{ki - kj)z\ JJ" JJ" 

sh)^^ d.,'] ^ ^ 


sh(dj — ifia — iz) 


7=1 - l)z) ■ 


(B.4) 


i<j a=L j = 

The partition function vanishes when k > N, consistent with the fact that there are no supersym¬ 
metry vacua in that range. 
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Plugging the constraints r_|_ + r. 


2 and + g_ = 1/2 we obtain 


T- ( 1 \(N+M)k TT TT TT 

11-shl^i - aj\ - nil 


i<j 


ch(q-j - mg) 

L-^ ch(aj -ma + ikjz) 


(B.5) 


This result matches the formula (5.45) giving the index as a sum over the weights of the representation 
Ak associated to the Id A/" = 4 gauge theory. 


B.2 U{k) Theory With N Fundamental, M Anti-fundamental Chirals 
And One Adjoint Chiral 

We consider a Id W = 4 SQM gauge theory with U{k) gauge group and N fundamental chiral 
multiplets with real masses —CFj, R-charges r+ and Gp flavor charge g+, M anti-fundamental chiral 
multiplets with masses R-charges r_ and Gp flavor charge g_ and an adjoint chiral multiplet 
with R-charge Radj = 2 and flavor charge gadj = 1- Mass parameters are in units of the inverse 
radius. The charges obey the superpotential constraints r_ -|- r+ = 2 and q- + = 1/2. We 

introduce the complex parameters aj = aj -|- iq+ -|- i'^z and rha = ma — iq- — Importantly we 
have a negative FI parameter C < 0. 

In order to avoid higher order poles in the computation we keep i?adj generic and only set it to 2 
at the end of the computation. The partition function or index is given by 


X = JK — Res^ — 


TT 


k\ ysin(7rz) 


^ sin[-7r(M/ - uj)] sin[-7r(M/ - Uj + ^z - z)] 

XX cin [tti 7 /T — 7 / T — ril XX 


sin[7r(nj - uj - z)] ^ j sm[ 7 r{ui - uj + ^z)] 
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sin[—7r(M/ — idj — z)] sin[—7r(—u/ -f irha — z)] 


n n 

/=i \j=i 


sin[7r(M/ — iaj)] 


n 

a=l 


sin[7r(—M/ -f- irha)] 


dui 


(B.6) 


= — {2i sin(7rz 


k\ 


1=1 I^J 


sin[-7r(M7 - uj)] -lA sin[-7r(n7 - Uj + ^^z - z)] 


sin[7r(M/ — uj — z)] 
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^ j sin[7r(M/ -Uj + ^z)] 


n l sin[— 7r(n7- — idj — z)] sin[— 7r(—u/ -f- iiha — z)] 

'sin[7r(M/— idj)] 


1=1 \j=i 


a=l 


sin[7r(—M/ -|- irha)] 


(B.7) 


where the integration contour is dehned by picking the residues of the poles from the fundamental 
chiral mutliplets factors, namely the factors in the product fl^i from ’’half’ of the adjoint 
chiral multiplet factors fjj j according to the JK — Res^ prescription with (/ < 0. Concretely the 
integral is a sum over residues, each contribution corresponding to a pole u* = {u*j}i<i<k described 
by taking a decomposition of k into N non-negative integers, k = ki, ki > 0, and picking 

u*i —)■ u*g. = i&i — Si-^z with Sj = 0, • • • , fcj — 1. The arrow —)■ indicates a mapping between the 
index I into the index {i,Si). The residue contribution coming from a given pole u* = arises 

with k\ degeneracy, associated to permutations of the u*j. The partition function is then given by a 
sum over the residue contributions X(fcp associated to possible decompositions k = counted 
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with k\ degeneracy: 


I = E ■ (B' 8 ) 

^ 1 , • • • , > 0 
Ef=i k. = k 


The explicit evaluation of the residues leads 


to 


N k,-l 


sh.[ai-CTj+i^{ki-s-l)z] ^sh.[ai - ma +i^sz - iz] 

s=o sh[<Ti - aj + -s-l)z + iz] sh[(Ti - + i^sz] 

1^ sh[(Ji - d-j + i^sz + iz] sh[(jj - aj + i^{s + l)z - ^ oinU-:?iidi 

i^j .=0 sh[di - d, +i^sz\ sh[di -a,+i^{s + l)z] 


If we plug the adjoint R-charge i?adj = 2 then the result simplihes 
T- r 1 ^(Af+Ar)fe tT + ‘^^ki - kj)z] -p-|- -p-|- 

11 Ma,-».+ihz] Rif 


tz\ 1 ^*^^ sh[z^(s + l)z - iz] 

(B.9) 


to 


7 i - aj + i{ki - kj)z] 1^ 1^ sh[q-^ - rhg - iz] -|^ sh[e] 
sh[(jj — aj + ikiz] sh[(Ji — rha + i{ki — 1)2;] sh.[ikiZ + e] 


where we have introduced a regulating mass parameter e for vanishing factors/® Let us write Te{z) = 
Hill sh[Ifct+£] • limit ^ 1 (at hnite e) this factor become trivial. 

Using the contraints r+ + r_ = 2 and g+ + g_ = 1/2, we obtain 


i¥=j 


^ sh[ai-aj+ i{ki-kj)z] ch[(Ti - mj 


sh[(Tj — aj + ikiz] ch[ai — rua + iktz] 


UA • 


(B.ll) 


Here again the result matches the formula (5.45) giving the index as a sum over the weights of the 
representation associated to the Id TV = 4 theory. 


B.3 Two-Node Quiver 

We consider a U(iVi) x U{N 2 ) quiver gauge theory with bifundamental chiral multiplets of R-charges 
r, r and G'iT’-charges g, q. In addition we have N U (iV 2 )-fundamental chiral multiplets with real masses 
—(Tj, R-charges r+ and G^-charge g+, M f/(A^ 2 )-anti-fundamental chiral multiplets with masses ma, 
R-charges r_ and Gi?-charge g_ and an adjoint chiral multiplet with R-charge i?adj = 0 and Gp- 
charge gadj = —1- The charges obey the superpotential constraints r_ -|- r+ = 2, g_ -|- g+ = 1/2, 
r-l-r-|-Radj = 2 and g-|-g = 1. The FI parameters are both taken negative Ci, C 2 < 0. We also assume 

can be introduced as a very small real mass for the adjoint chiral multiplet. In this case e would appear in the 
other factors as well. We do not introduce it in the other factors since it would complicate significantly the discussion, 
without changing the hnal result in the 3d/ld matrix models. 

















Figure 40: Brane realization of a Vortex loop associated with the representation Ak^ ® Ak 2 and SQM two-node 
quiver read by moving the Dl-branes to the NS5-brane on the right. Here Ni = ki and N 2 = ki k 2 - 


N 2 > Ni. This setup corresponds to the Id TV = 4 theory obtained by moving the Dl-branes to right 
NS5-brane, with ki = Ni Dl-branes ending on an extra NS5’-brane and k 2 = N 2 — Ni Dl-branes 
ending on a second extra NS5’-brane (see hgure 40). The representation associated to this quiver is 
TZ = Aki ® Ak2 ■ 

We introduce the complex parameters aj = cTj -b iq+ -b i^z and rha = nia — iq- — i'^z. in order 
to avoid higher order poles in the computation we keep i?adj generic and only set it to 0 at the end. 
The partition function or index is given by 


X = 


flldu.Jldv., 

/=! J=1 

Ni 

n 


TT 


Sm TTZ 


N 1 +N 2 M - Uj)] -j^ sin[-7r(uj - Vj)] 

sin[7r(M/ -uj- z)] sin[7r(u/ - vj - z)] 


sin[—7r(u/ — uj + ^^z — z)] sin[—7r(u/ — iaj — z)] ^ sin[—7r(—u/ -b irha — z)] 


n n 


i.j 
Ni N 2 

nn 


sin[7r(M/ -uj + ^z)] fJi \fj[ sin[7r(uj - ia^)] 


n 


sin[7r(—Ur -b irha)] 

2 '-'U 1=1 \j=l L V ^ J/J a=l V \ i 

sin[-7r(M/ - vj + q+ ^z - z)] sin[-7r(uj - Ui + q + 'i.z - z)] 


sin[7r(M/ -Vj + q+ ^z)] sin[7r(uj - Uj + q + ^z)] 


The integration contour picks the residues at the poles selected by the JK-recipe as explained in the 
main text. The recipe allows to take poles from the the fundamental chiral mulitplet factors, as well 
as from ’’half’ of the bifundamental and adjoint chiral multiplet factors. However one can realize, for 

instance, that picking a pole u} = Uj - ^z from the adjoint factor and a pole Uj = — q— ^z from 

the bifundamental factor, leads to u} = + q + ^z — z — 1, where we have used the superpotential 

constraints, and in this case u} has an extra zero from the bifundamental factor, canceling the pole 
from the adjoint factor. This kind of reasoning leads to the conclusion that we cannot take a pole 
from the adjoint factor, as it yields a vanishing contribution. 

A careful analysis along these lines leads to the following sets of poles {u*,v*) contributing to X; 
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With ki = Ni and k 2 = N 2 — Ni, a pole {u*j,v}} is characterized by a choice of decomposition 


N N 

fci = ^ kf ^, ^2 = ^ kf '*, with e {0,1} 

i=i i=i 


The explicit single-integral poles are given by 


u*j —)■ i&j — Sj [ q + -j for 0 < Sj < , 

v*j -)■ idj - Sj iq + q+ ) for 0 < Sj < kf^ + kf ^, 


with —)■ denoting a mapping between the relevant indices. The range of the Sj is snch that it 
correctly gives the Ni n^-poles and the N 2 nj-poles. 

• Each residne contribntion to the index appears with the degeneracy ki\{ki + ^ 2 )! = Ni\N 2 \- 

The evalnation of the index gives 


with 


kf e { 0 , 1 } 

Ef kf = 


E 

k^’ e { 0 , 1 } 
Ef kf = fe 




(B.12) 




M N 

a=lj=l 


3 3 


n 


^ ch 

aj - ma + i [l - j SjZ 


ch 


— rUa -1- i SjZ -\- iz 


(B.13) 


where we have nsed the snperpotential constraints. jz[ai,z) is a complicated expression which will 
not be relevant for onr analysis of mirror symmetry. It is expressed as a prodnct of the form 


N 

^{(Zhz )=nn 

Q;,«: iz^j 


sin[—7r(icri — iaj + az ± z + fi:/2)] 
sin[7r(i(Ji — iaj -f -f k/2)] 


(B.14) 


where a, k take real valnes. As in (B.IO), there are terms which reqnire a regnlarization by a small 
mass deformation e and which evalnates to ±1 as z —?• 1. 

Flagging the adjoint R-charge i?adj = 0, the resnlt simplihes to 


M N 




ch [cTj - rUa] 


y ch[aj -ma + i{kf^ + kf^ 


)-] 


(B.15) 


This result reproduces correctly (5.45) as a sum over the weights of the representation Ak-^ ® Ak 2 - 
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